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Pazaea 1. AJIEBPA
Tema 1.1. PazBuTHe nousitus o yncie. Yuciaosbie PyHKIMHU

Yuciao — 3TO OCHOBHOE MOHATHE MaTEMaTHUKU, HCMOJI3YEMOE
JUISL KOJIMYECTBEHHOW XapaKTEPUCTUKH, CpaBHEHHUSI, HyMepaluu 00BbEKTOB U 150:¢
gactedd. [IMCbMEHHBIMM 3HaKamMHM JJIsI OOO3HAYEHHUsS 4YHCEN CIyKaT Hudpsl, a
TAK>K€ CUMBOJIBI MATEMATUYECKUX OTIEpPaAIIHil.
OcHOBHBIC YHCIIOBEIC MHOXKECTBA
- N — MHOX€CTBO HaTypaJIbHbIX YHCEI.
- Z — MHO>XECTBO IIEJbIX YHUCE.
- Q — MHOYXECTBO paIMOHAIBHBIX YHCETI.
- R — MHOeCTBO IEHCTBUTEILHBIX YHCE]L.
- C— MHOKECTBO KOMIIIEKCHBIX YHCEIL.
1. Harypansuble uyucia. HaTypajJbHBIMM  Ha3bIBAIOTCS  4YMClA, KOTOpPBIE
HCIIOJB3YIOTCS ISl cuéra MpeaMeTOB MM O0OO3HAUCHHUsS HOMEpa IpeaMeTa B Psay
OJHOPOJIHBIX TIpeaMeToB: 1, 2, 3, 4, 5, ... Haxg HaTypaJbHBIMH YKCJIaMU OMPEICIICHBI
OIEpAIMHA CIIOKECHUS W yYMHOXKEHHS. [Ipyu ClIOoXKEHMM M YMHOKEHUHM HATypajbHBIX
YHCEJ CHOBA MOJIy4aeTCsl HATypAIbHOE YMCIO. Takke HaJ HaTypalbHbIMU YHCIIAMU
OTIpeJICJICHBI OTNIepaIlii BRIYUTAHUS U JISJICHUS, KaK OOpaTHBIE ONepaIiisM CIOKCHHS U
YMHOXKEHHUS COOTBETCTBEHHO. OJHAKO PEe3yJIbTaTOM BBITIOJHEHUS ITUX OIepaluid c
JBYMsI HaTypaJlbHbIMM YHCJIaMH He o00s3aTelIbHO OyJeT HaTypalbHOE 4YHUCIIO.
[ToapoOHO ATOT BOMPOC PAaCCMOTPEH B CISAYIONINX ABYX Haparpadax.
2. Uenpie wuyucna. LeJpIMM dYHCIIaMM Ha3bIBAIOT YHCJIA HATypaJlbHBIE, UM
MPOTHUBOMOJIOKHBIE W HyJb. MoayJieM IEI0ro 4Yucia Ha3bIBA€TCS PACCTOSTHUE OT
TOYKH, COOTBETCTBYIOIIEH 3TOMY YHCITY J0 Hadana orcuera. Onepaius B3ATUsi MOIYJIs
o003HavaeTCsl ABYMs BEpPTUKAJIbHBIMU YyepTaMu. MoayJib 4ucia paBeH caMOMy 3TOMY
YUCIIY, €CJIW YHUCIO MOJOXKHUTEIBbHOE, YHUCIy, IMPOTHUBOIMOJIOKHOMY JaHHOMY, €CIIHU
YHUCJIO OTPULIATENBHOE, U HYJIFO, €CJIM YUCIIO PABHO HYJIIO.

m
PaHI/IOHaJILHbIe LII/ICJ'IElF , TI€ N — LEJI0C YMCJI0, M — HAaTypaJbHOE.



KoMiuiekcHOe 4McJI0 — 3TO BBIPAKEHUE BUJIA
Z=X+iy, (1.1)

rae X, Y — BCIICCTBGHHBIC 9Hcia, a i=+/—1 — muumas edunuya. Ilepsoe u3
BCIIIECTBEHHBIX YHCEI, X, HA3BIBACTCS BeujeCmeeHHol (0elcmeumebHoll) uacmoio
KOMILIEKCHOTO 4mcla (Ucronb3yercs obosHauenne X=REZ); Bropoe, Y, - muumot
yacmoio (Y=1"2). Brpaxenune (1.1) Ha3bIBAIOT ancebpauueckoti Gopmoil 3anucu

KOMNJEKCHO2CO Hucia.

YucaoMm, conpsaxcennviv Kk £=XF1Y paspBator umeno Buma Z=X—ly,

Hcnonb3yss GopMyily pa3sHOCTH KBaApaTOB, MOJTy4aeM, 4YTO ZZ=>8—I—)f MoxHO
JI0Ka3aTh, YTO KOPHSAMHU KBAJAPATHOIO YPABHEHUS C OTPULIATEIIBHBIM TUCKPUMUHAHTOM

ABJIAIOTCA ABA COIIPAKCHHBIX KOMIIJICKCHBIX 4YHCJIA.

Ipumep 1. Pemnts ypaBrenne >8—6S<d €.
Pewenue. JIUCKPUMHHAHT NAHHOTO ypaBHeHHs: I—Aee@m <HEXES=><%

MCHBIIC HYJISI, HO TCIICPDb MBI MOKCM BOCIIOJIB30BATbHCA MHHUMOM GIIHHHHeﬁl

= o=V : :
= —3+3i- x,=3-3
= — — =T N % :

CrpaBennuBbl  CIENYIOUIUE  Hpasuia  apugmemudeckux  Oelicmeuti  Hao

KomnaekcHoimu yuciamuy 4=>9HYu L= HY:

1) ——— . = —_— == T _| (ocyecTBaseTCS

CJIOKEHUE WIHM BIYUTAHUE ANreOpandecKiX JBYWICHOB U MPUBEICHUE TIOI0OHBIX);

2) N S S RN W (()CY/I1]CCTRITACTCS

NEPEMHOKCHUC anre6pa1/1qec1<nx ABYYJICHOB M IIPHUBCACHUC HO,Z[O6HBIX C Yy4€TOM

TOr0, YTO i2 = -1);

(aTa omepauus

BO3MOYKHA TOJIBKO B CiTydae, korqa Z2-=OHO=€),



2-7
3+4i

Ipumep 2. Berunciuth 2= U yKa3aTh BEIIECTBEHHYIO U MHUMYIO YacTH

IMOJIYYCHHOT'O KOMIIJICKCHOI'O YHCJia.

Pewenue. ]_—[CﬁCTBy}I B COOTBCTCTBHHU C ITpaBUIIAMU ITOJIYyUaCM:

2 )
nosromy Fez=—_  Imz=——2

Tpueonomempuueckas ¢popma KomniexcHozo yucia. Kaxaomy KOMITIEKCHOMY
gucity Buja (1.1) MOXKHO MOCTaBUTH B COOTBETCTBUE TOUKYy M(X;Yy) Ha AeKapTOBOM

wiockoct (mpu 3ToM Ha ocu OX pacrmomaraioTcsi BEIIECTBEHHBIE YHCIA

Z=¢H0O=>, a na ocu OY — urcTo MHUMBIC uncaa Z—OH YY),

Mooynem komnaexcrozo uucia HasoseM mmuny otpeska | OM | (wmm paccrosaue

OT Havaja KOOpAMHAT A0 Touku M), T.e. |m . AprymeHTOM

KOMILIEKCHOT0 urcia ( P=A\8) uazoseM yroi, KoTopblit Bektop OM o6pasyer ¢
HOJIOKHUTENBHBIM HarpasienreM ocu OX. I'J1aBHOe 3HAaYeHHE apryMeHTa, KOTOPOE,

KaK MPaBWIO, WCIOJIB3YETCS IPHU OCYIIECTBICHUU JEUCTBUM C KOMIUIEKCHBIMU

YHUCJIAMU, YAOBJIETBOPSET YCIOBUIO O=p<27, [Ipm 5TOM BBIpaXKEHUE BUAA

=2 aes) (1.2)

Ha3bIBACTCsA mpueonomempuquKoii d)OpMOIJ 3anucu KOMnjieKCHOo20 4ucia.

[Tpeobpazyem (1.1)

S

U, cpaBHUBAas ¢ (1.2), moyyaeM, 4TO apryMEHT Z MO>KHO HAWTH, PEILIUB CUCTEMY

~

X
COPp=—F—7—— CoOS @ = L
/Xz +y2 Q Iz
) y WIH y (1.3.)

sing =

N

S ey



IIpumep 3. 3amucaTh KOMIUIEKCHOE YHUCIO B TPUTOHOMETpUYECKOW (opme

Z=1—I\f3, yKa3zaTh MOJIYJIb U apTYMEHT KOMILIEKCHOT'O YHUCIIa.

Pewenue. Tlo ompeneacHHIo % Jlns  ompeneneHust

COSp = 1 =,
apryMeHTa BOCIOJIb3yeMcs (hOpMYyJIOit: _J3 [Tonyuyaem, uto & r§=3:
sinp=——
2

Tpuronomerpruueckass ¢GopMa 33JaHHOTO KOMIUIEKCHOTO YHCJIa HMEET BHJ:

S
bfée—:-s+r,
= =3

Boszeeoenue 6 cmenensv u uzeneuernue KOpHeﬁ. Ecau koMILIEKCHOE YHCIIO 3aJaHO

Tpuronomerpuueckoii popmoii  ZHH(C EMESK] 10 crnpaseymBa hopmyiia
Myagpa

== Eapasag (14)

Jlns w3BiedyeHUs: KOpHA N-Mi ctemeHu (N — wmenoe 4ucio, Oosbmiee 1) us
KOMITJIEKCHOTO YHWCJa, 3aJaHHOTO B TPUTOHOMETPUYECKON ¢dopme, MPUMEHSETCS

bopmyna, naroias N 3Ha4€HUN ITOrO KOPHS:

— =
@%{}g, k=0,1,..n-1.  (L5)
a g

Ipumep 4. Boruncnuts: a) (—1-+1i) E; b) 3/-1.

Pewenue. B 3amanum a), 4ToObl BOCHOJB30BaThca (opmysnoit Myaspa,

HEOOXOJMMO TMPEJICTaBUTh KOMIUICKCHOE YHCIO B TPUTOHOMETPHUYECKON (dopmMme.

Nmeem: |2[q@=qg, cam=W/Z y sipA/Z re. =314 (1ax

KaK COOTBETCTBYIOIIAs TOYKa JIEKUT BO BTOpoM ueTBepTH). ClenoBarenbHO,

—

_ B 3
—AaFde=e=T =< === | (3 cuy
= = —B —1

=




39 7 .
(1.4)). YuursiBast 4to zﬂ-@? U UCIOJIb3YysI CBOMCTBA TPUTOHOMETPUUYECKUX

byHKUMN, TTOJTy4aeMm:

B 3aganmm b) Tpuronomerpuueckas ¢opma 3aJaHHOTO 4YHCJIa HMMEET BHJ

—J=e S U (|z|=1), nostomy B cuny (1.5)

BrimuceiBaem TPHU UCKOMBIX KOPHSI:

= S

> CIESSE AR

= ===

- ——— kK = —__
—— -—— ’

e s = = i
== == ==

Tema 1.2. Tpuronomerpudeckue QyHKIUN

1. Tpueconomempuueckue @hyHKyuy IPEICTABISAIOT COO0M dTIeMEeHTapHbIe (DYHKIINH,
apryMEHTOM KOTOpBIX sBIsieTcs yeos. C  TOMOIIBIO TPUTOHOMETPUUYECKHUX
(GYHKIIUN OMHCHIBAIOTCSI COOTHOIICHHS MEXIY CTOPOHAMH W OCTPBHIMU YTJIAMH

B IPAMOYTOJIBHOM TPCYI'OJBbHUKC. Oo0nmactn IMPUMCHCHHA TPUTOHOMCTPUICCKUX

GyHKUMA ~ Ype3BblUAiHO  pa3HOOOpa3Hbl.  Tak,  Hampumep,  JtOObIe
NEePUOJUYECKAE  MPOLECChl ~ MOXHO  MPEACTaBUTh B BHUJAE  CYMMBI

TpuroHomeTpuuecknx (Qynkmuit (psma  Dypee). JlanHbie (QYHKIIMA YacTo

ITOABJIAOTCA Inmpu PCUICHUHA I[I/Id)(bGDGHHI/IaHLHBIX 151 q)YHKHI/IOHaHBHBIX

YpaBHEHUM.

2. K  TpuroHomerpuyecku™m  (PYHKIUSM  OTHOCATCA  cieaywomue 6


http://www.math24.ru/прямоугольный-треугольник.html
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byHKIUR: cunyc, KocuHyc, maueenc, KOmaHeeHc, CeKanc U KOCEeKaHc. JLotst

KOKIOW M3 YKa3aHHBIX (YHKIMI CyIIeCTByeT oOpaTHas TPUTOHOMETpUYECKas

QhYHK! (M.

['eomeTpuueckoe onpeseeHne TPUTOHOMETPHUECKUX (PYHKIMN Y00OHO BBECTH

C TIOMOIIBIO eOuHUYHO020 Kpyea. Ha TpuBeeHHOM HUXXE PUCYHKE H300pakeH
Kpyr paauycom r=1. Ha okpyxHocTu o003HaueHa Touka M(X,y). Yromn Mexmay

paauyc-BekTopoM OM 1 TOJIOKHUTENTBHBIM HampasiaeHrueM ocu OX paBeH d.

y
= _1—~— =
My
O x=cosa/

4. Cumnycom yria 0, Ha3bIBa€TCsl ~ OTHOIICHHE  OpAuMHATHI Y Touku M(X,y) K
pamuycy I:
SInO=y/r.
[Tockonbky r=1, TO cuHyC paBeH opauHate Touku M(X,Y).

5. Kocumycom yria o, Ha3pIBaeTCsl  OTHOIIeHUEe  abciucchl X Touku M(X,Y) k
paauycy I
sina=x/r

6. Taueencom yria o Ha3pIBaeTCs OTHOIIECHHE opauHaThI Y Touku M(X,y) k ee
abcuucce X:
tano=y/x,x#0

7. Komaneencom yria o Ha3pIBae€TCsl OTHOIIEHUE abciucchl X Touku M(X,y) k


http://www.math24.ru/обратные-тригонометрические-функции.html
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ee opauHate Y:
cota=x/y,y#0

8. Cekanc yrna o — 3TO OTHOIIEHHE paauycal Kk adcrmcce X Touku M(X,Y):
seco=r/x=1/x,x#0

9. Kocekanc yriia o — 3TO OTHOIIEHHUE pajamyca f kK opauHate Y Touku M(X,Y):
csca=r/y=1/y,y#0

10.B emumHMYHOM Kpyre mpoekmnuu X, Y Touku M(X,y) u paamyc I oOpasyrot
NPSIMOYTOJIBHBIN TPEYTOJBHUK, B KOTOPOM X,Y SIBIISIIOTCS KaTreTaMu, al —
TUINIOTEHY30M. [ToaToMmy, IpUBEICHHbBIC BBIIIIE onpeeaeHus
TPUTOHOMETPUUECKUX (YHKIIUHA B TPWIOKCHHH K MPIMOYTOIHLHOMY
TPEYTOJIBHUKY bopmyIupyroTCs TaKUM oOpazom:
Cunycom yria o HA3bIBAE€TCS OTHOIIGHHWE TPOTHBOJIEKAIIETO KaTeTa K
TUTIOTCHY3E.
Kocunycom yria o, Ha3pIBacTCS  OTHOIICHWE TPWIICKAIIETO Karera K
THUTIOTCHY3E.
Taneencom yriia o Ha3pIBa€TCS MPOTUBOJICIKAIIETO KaTeTa K MPUIICKAIIEMY.
Komaneencom yrmna o Ha3bIBaeTCs TIPIICIKAIIIETO Karera K
MIPOTHUBOJICKAIIIEMY.
Cexanc yria o IpeAcTaBiIsgseT  coO0OW  OTHOIICHHWE  THIOTEHY3bl K
TpUIICKAIIEMY KaTeTy.
Kocekanc yrna o npencraBnsier  coO0W  OTHOIIEHWE  THUMNOTEHY3bl K
MPOTUBOJICKAIIEMY KaTeTy.

11.7 paghux dyukyuu cumyc

y=sinx, o01acTh onpeaeneHus: X€ R, o6macts 3Hauenwmit: —1<sinx<1



y =8in x

12.I'pagpux dyukyuu KOCUH)YC

y=co0sX, 00;1acTh onpeneneHus: X€ R, obnacts 3nauenuit: —1<cosx<1

13.I' paghux @yHKryuu MAaH2enc
y=tanx, 00JacTh onpeneneHus: X€ R x#(2k+1)m/2, 00JacTh

3HAYEHHUHU . —oo<tanx<oco



y=tanx

14.I'paghux @yHKryuu KOMAauzeHc

y=cotx, obsacTh onpeaeneHus: X€ R x£kn, 006;1acTh 3HaUCHHIN: —00<COtx<co

y

y =cot x

3N " 0 AN * 8
2 2 2
15.I'paghux @yHKYUU CeKaHc
y=Secx, 00JacTh onpeneneHus: X€ R x#A(2k+1)m/2, 00JacTh

3HauYeHM:secX € (—oo,—1]U[1,00)



Sec X

KOCEKdHC

16.7 pagux

00J1aCTh

onpeneneHus: X€ R, x#km,

y=CSCX,

3Ha4YeHM: CSCXE (—oo,—1]U[1,0)

cosec x

y=

-1‘

Paszpen 2. OCHOBBI TPUTOHOMETPUHN



Tema 2.1. OcnHoBbl Tpuronomerpuu .Tema 2.2. Pemenue mnpocTermmx

TPUTOHOMETPUYECKHX YPABHEHUI

Ypaeuenue Oobuwee pewenue Yacmmuuie ciyuau
a=-1 a=0 a=1
K= X = 7mn
SINX=a, >cECDara=s )(=—722-—|—27E X=722-—|—2!'
<1
COX=a, >S>IAaraaEEd | X—=rrt2r T X =27
X=""+71
<1
tgx=a >—archtey I X = 7 7T
! X:‘4-—|—7f X=—— 471
as(—o9og
ctgxk=a >—ar Gt
F=4, ) X:?Z —+r x=2 41 X=— —~+71
ac(—ogo9g

Hpumep. Haiinure KOpeHb ypaBHEHUSA:

m(2x+10) 1
cos—————— = —
3 2

B oTBete 3anuiuTe HaMOOIBITUN OTPUIIATEIBHBIN KOPEHb.

Pemenuem YPaBHCHH:A COS X = a SBJIAIOTCA JIBa KOPHS:

X4 =arccos a +2mn, nez
X, = —arccos @ +2nmn, neEz
H.T1H
X = xarccos a + 2mn, nNeEL

m(2x + 10) 1
SHAYUT T = iarccosE +2mm, ne’l

Onpenenenue: Ilyctp unmcio a no MOIYI0 HE TPEBOCXOJIUT  EIUHUIIBIL.
ApKKOCHHYCOM 4YHCa a Ha3bIBaeTcs yros X, Jjexamuil B npegenax ot 0 go Ilu,

KOCHHYC KOTOPOT'O PaBEH a.



1 T 1
Arccos— = — TAK KaK C0S— = —

3 3 2
3HauuT

w(2x + 10) T
— =+ E + 2mmn, nezs

3
Bripaszum X:
m(2x +10) m 3
—————=+t2mn, nez |~—
3 3 b
2x+10= 1+ 6n, nez
1

2x =414+ 6n — 10, nes |§

1
x=-|_-5+3n—5 nez

1
¥,=—+3n—5h u ¥.=——4+3n—-5H nerz
) 2 2

¥;=3n—45 wu X, =3n—-5b nei

Haiiném nambOompmmii oTpunaTeabHbli KopeHb. Kak 310 cnemarp? IlomcraBum

Pa3JIMYHBIC 3HAYCHHA N B IIOJTYYCHHBIC KOPHH, BBIYHCIUM H BBI6€pCM HauOOJILIITHI

OTPULATEIIBHBIM.

Beruucnsgewm:

Mpu n=—2 x=3(-2)-45=-105 x=3(2)-55=-115
Mpu n=-1 x=3(1)-45=-75 x=3(1)-55=-85

Mpu N=0  x=30-45=—45 x=30-55=-55
Mpu n=1 x=31-45=-15 xo=31-55=-25
Mpu =2  x=32-45= 15 x=32-55=05

[Tony4niin, 4T0 HanOOJIBIIKK OTPULIATEIBHBIN KOpEHb paBeH —1,5

OtBet: —-1,5

Ipumep. Pemits ypaBHEHUE:



B oTBeTE HAaNMMIIMTE HAUMEHBILIMN MOJIOKUATEIILHBIN KOPCHb.

Pemenuem YpPaBHCHHA Sin X = a SBJISAIOTCSA ABa KOPH:I:

X, =arcsin a+ 2nn, ne

X, =T—arcsin a +2mn, nez

JIn6o (oH 0OBbeauHSAET 00a YKa3aHHBIC BBIIIIE):

¥ =(—1)"+arcsina+mn, nez
m(x—3) W2
SHAYHT — (—1)™ . arcsm? +nn, nez

Omnpenenenue: IlycTh unciio a MO0 MOIYJIO HE IPEBOCXOAMUT €AUHUIIBI. APKCUHYCOM
qucia a Ha3bIBAETCA Yroll X, Jexkauuil B npegenax or — 90° no 90° cunyc koToporo
paBeEH a.

2 2

. : T . T W
arcsin— = — TaK Kak sin—=—

2 4 4 2
3HAYUT

mx—3)

_ T
(—1)*—+7n, nez
4 4

Bripaszum x (yMHOXHM 00€ 4acTH ypaBHEHUs Ha 4 U paznenuM Ha [1n):

mix—3 : i 4

mx —3) =(-1)"—+mn |-

4 4 T
¥x—3=(—-1)"+4n nez
¥y=(-1)"+4n+3 neZz

Haiiném HauMeHbIIMN MOJOXUTEIbHBI KOpPEHb. 3/1€Ch Cpa3y BHUJHO, YTO IMpHU
MOJICTAHOBKE OTPHUILIATEIbHBIX 3HAYEHUW N MbI IMOJIYYMM OTPHUIATEIbHBIE KOPHH.

[Toatomy Oynem noacrasiarb n = 0,1,2 ...



Ipu n=0 x=(-1)°+40+3=4

pu n=1 x=(-1)1+41+3=6

Ilpu n=2 x=(-1*+42+3=12

[Mposepummpu N=-1 x=(-1)1+4(-1)+3=-2
3HAYUT HAMMEHBIINHN NOJIOKUTEIbHBIA KOPEHb PABEH 4.
Ortger: 4

IIpumep. Pemnre ypaBHeHue:

m(8x +5) 1

tg———— = —
g 6 V3

B oTBeTE HAaNMMIINMTE HAUMEHBILMH MOJIOKUTEIILHBIN KOPCHb.

Pemennem ypaBHeHHs tg X = a ABJISETCA KOPEHb:

x=arctga+mnn nez

m(8x + 5) 1
SHA4YHT ———— =arctg—=+n1n, mnez
6 V3

Omnpenenenue: ApKTaHreHCOM 4ucia a (a — Jro00e YHCIIO0) Ha3bIBACTCS Yol X

npuHaiexkanmii uarepsary — 90° mo 90°, TaHreHC KOTOPOTO PaBEH a.

. ( 1) T ; T 1
arcte| —=| =— TaKKak te—=—
"\\3 6 "6 3

3HAYUT

m(8x+5) m

—=—4+1n, ne’
6 6

Bripaszum x (yMHOKHM 00€ 4acTH ypaBHEHUsS Ha 6 u pazaenum Ha [Iu):



m(8x+5) m 6
————— =—-+mn, nez |._
i

6 [

Bx+5=14+6n nNEeZ’Z
1
Sx=6n—4 nes |~—
8

3 1

¥X=—"n——

4 2

Haiiném HanMeHbBIIHA TOJOKHUTENbHBIN KopeHb. [loacTtaBum 3nadenuss n = 1,2,3...
OTtpuniatenbHble 3HAUYCHUS MOJICTABIISITh HET CMbICIA, TAK KaK BUIAHO, YTO MOJIYYUM

OTPHULATCIIbHBIC KOPHU:

3 1 1
Mpun=0 x=--0—=-—=——

4 2 2

3 1
Mpun=1 x=--1--=-=0.25

4 2

3 1
Mpun=2 x==--2—--=1

4 2

Takum 00pa3oM, HAUMEHBIIIHH MOJI0KUTETBHBIN KopeHb paBeH 0,25.

Ortsert: 0,25

Tema 2.3. IIpeoOpazoBaHue TPUTOHOMETPHUYECKHX BbIPAKEHUH

Ipumep 1. Bprunciurs:

sin 14% cos 31° +sin31%cos14? = ginf o + f) = sin*cos B 4+ cose * sin f

. _ 2
= sin (14° +31°) = sina5® = =
V2
OtBer. 2
IHpumep 2. Brrunciauts:

cos 5 cos 40 — =in 5% =in40° =
coS(e + f) = cosa-cosf —sing -sinf

V2
OrtBerT. 2



IIpumep 3. YpocTuTs:

(sinfl +cosa)? + [{sinfla-cosa)? =

sinfa + 2sing - cosa +cos®a +

+s5in®a - 2sing - cose +cost o =

OtBer. 2
IIpumep 4. JlokazaTs:
tgia — sin®*a = tgiw - sinia

sin*a sinfg\ros*a

(a2 — b%)= a®- Zab+b?

sinfa+cosla= 1

sin*a — sin*a - cos*a _

tgia — sinfa =

cossa

tgia - sinto

cos3ia 1
Sin ¢
tga B COs (X
sinra (1 — cos?a) sinia - sinia
- cos*a - cos*a
sin*o + cos®a = 1;
tg*o - sin®*a = tgia - sin®o
sinfa = 1-cos?a

ToxkmecTBO JO0Ka3aHO.

Pa3zaen 3. ®YHKIMU, UX CBOUCTBA U TPA®UKHA

Tema 3.1. CTeneHu, KOpHH, JOrapUupMbl.

m
at =g o.aq a=l,  a®=%a™,
Onpeoenenus cmeneHu: n pas rJie m — IIeJI0¢ YMCJIo, a h —
HaTypaJIbHOE.
2. Cesouicmea cmenemu:
1) a%=1;
a "= i
2) a:

3) [af:-)a =a® -E:'a;

4) [%]a ) Z_:;

5) a* a® = g% e



a¥ _ s
6)«*
o] R
7y b =at
3. Onpeoenenue kopua: Va=x e " =a,
4. Apugpmemuueckuii xopenv: e az 0, Waz0 = Ha

5. Csoticmesa kopuetl:

1) Nab =%a b,

2) V& k.

3) fa ] =”\“{ﬂ_’“;

4) Yfola ="a , TJIe M, N — HATYpAJIbHbIC YHCIIA.

Y g, ecmH o=,
2 aiﬂ ={

5) —@, ecm @ <0

6. Dopmyibl COKPAUEHHO2O YMHONCCHUSL:
1) (a + b)? = a2 + 2ab + b?;
2) (a — b)? = a2 — 2ab + b?;
3)a?— b2 = (a + b) : (a —~ b);
4) ad + b= (a + b) : (a? — ab + b?);
5)a®— b3 = (a — b) : (a® + ab + b?);
6) (a +Db)3= a + 3a2b + 3ab? + b3;
7) (a—b)® =a® - 3a2b + 3ab? — b3,

7. Onpeodenenue noeapughma: 10gb=x<= a*=b, a>0, a=1, b>0.

8. Ocnosnoe Jlo2apugmuyeckoe moacoecmso: a°%°=h

9. Hecsmuunwiii socapughm (no OCHOBAHUIO 10): 1gh:10'9*=h,

10. Hamypanvnuiii noeapugm (no ocnoeanuo €): Inb:e"=h

11. Ceoticmea nocapughmos:
1) l0g,1=0;
2) logaa=1 ;
3) loga(x-y)=logax+logay;

X

4) Ioga;z;logax-logay :



6) log. a — epexo

IIpumep

Pewenue:

5.317 (17 1 5
T 136 52 .

Omeem: 2,5.

IIpumep
Pewenue:
W12+ AZ7) G =36 + Bl =6+ 9=15
Omeem: 15.

Ipumep

Pewenue:

3017 208 = 3f01% 3202f —01 202201 400 =40

Omeem: 40.

Ipumep 4. CpaBHUTH

Pewenue:

p-logaX;

HOBOMY OCHOBAHMUIO,

53017

1. Borumciurs 136 |

2. Beruncnuts (\“ﬁ + \'{ﬁ) A3,

3 G
3. Boruncnuts: 4017 - 20°,

qHucia 5"""@ u ES\"E

[IpeoOpa3zyeM nmaHHBIC YHCIA TaK, YTOOBI CTCIICHHM KOPHS B HUX OBLIM pPaBHBI.

T NCTIE PR PN R 1SRN
Jlenaem BBIBO/JI, qTOo

Omeem: 332 = &g,

quciia PpaBHBI.



Hpumep 5. Beipasure BEJIMYMHY p u3 paBeHCTBA @,

Pewenue:

G- 2-C e -2p-Ce-p-Cotepai- L
a ) s 2a

- =
Omeem: -

Ipumep 6. Onpenenure 3HAK pasnoctu 2 - 500,
Pewenue:

Tak xax 2 =57° 86 1o 564 - &100 <0

Omeem: Pa3HOCTb OTpULIATEIIbHA.

1
log, 6——log,”
IIpumep 7. Berauciurb 2 .

Pewenue:

1 L i
lngiﬁ—glugﬁ =log,6-1log, 9% =log, ﬁ—lﬂgg\@=lug2§=lng22 =1

Omeem: 1.

Tema 3.2. [loka3zaTteabHast u Jorapupmmuyeckas GyHKIUN

IHoka3zarenbHast byHkums
OyHKIMA Y=a*, TIe a — 3aJaHHOE YHWCJIO0, Ha3bIBACTCSA TOKa3aTeIbHOW (YyHKIHCH
MIEPEMEHHOM X.

Ecrma>0, t1o  ¢yHkuus y=a* omnpeneneHa  Opud BCeX  JACHCTBUTENIBHBIX
3HAYEHUSX X, TPUUEM npu a=1 nmeem 1*=1.
Ecm a<0, to ¢dynkums y=a* onpeneneHa TOJBKO MpU MENbIX X (MPU YCIOBHUH, UYTO
3HaMCHATEIb ToKa3aTess — HEYETHOE YHCIIO).
[Tpu a=0 Beipaxxenue 0* onmpeneneHo mpu X>0.

B cBs3u c BbIIIE M3J0KEHHBIM, TOKa3aTeIbHYIO (DYHKIIUIO pacCMaTpUBAIOT


https://sites.google.com/a/ssga.ru/ssga4school/matematika/tema-2/41.png?attredirects=0

npu a>0 u a?1. OyHKIWMS, 3aJJaHHas dopmynoit y=ax(rae a>0,a#1),
HA3bIBACTCS MOKA3aTeNbHON (PyHKIIMEN ¢ OCHOBaHHUEM 4.

Cdopmynrpyem OCHOBHBIE CBOMCTBA MTOKA3aTEIbHON (DYHKIIUU:

['paduku mokazaTreabHBIX PYHKIIMNA H300paXKeHbl HA PUCYHKAX:

1) nst cydast a>1

v
y=a",a>1

2) ns ciydast 0<a<l

y=a"
O=a<1




Jlorapudmmueckas GyHKIUSA

Oynkiuio Buga y = loga(x), rae a mo0oe MoNoKUTEIbHOE YUCIO HE paBHOE EAUHUIIE,
HA3bIBAIOT JIOrapu(MUYECKON (YHKIMEH C OCHOBaHHEM a. 3/1eCh U Janee IS
00o3HaueHUs Jiorapudpma Mbl OyeM HCIOJB30BaTh CIEMyIONIylo HoTaiuio: logy(b) -

JlaHHAsl 3aMiCh OyeT 0003Ha4YaTh Joraprudm b mo ocHoBaHMIO a.

Ocnoegnbule ceoiicmea no2apugmuueckoii pynkuyuu:

1. OO6nacteio ompeneneHuss jgorapupmMuyeckod (QyHKIIUU OyleT SBISAThCS BcCe
MHOKECTBO TIOJIOKUTEIIbHBIX BEIIECTBEHHBIX uMcen. JlJIsi KpaTKoCTH €ro eie
o0o3HayarT R+. OueBUIHOE CBOMCTBO, TaK KAK Ka)KJ0€ MOJIOKUTEIbHOE YUCIO UMEET

jgorapu@m 1o OCHOBAHHMIO a.
2. O6nacThIO 3HaYEHUA JOrapu(PMUUYECKON GYHKIHUUA OYJIET SBISATHCS BCE MHOMXECTBO

BCIICCTBCHHBIX YHCCII.

3. Ecmu ocHoBanue mnorapudmuueckoir ¢yHkuuu a>1, To Ha Bcel obmactu
omnpeneneHuss (PyHKuMU Bo3pactaeT. Eciam s ocHOBaHuUs  JiorapuMHUECKOM

(GyHKIUU BBITIOJHSIETCS ClIeyrolee HepaBeHCTBO 0<a
4. I'paduk norapupmMuueckor pyHKIMHU BCeria mpoxoaut yepes3 Touky (1;0).

5. Bo3spacraromias norapudmudeckas QyHKIus, OyJIeT MOJIOKHUTEIbHON Tpu X>1, u

oTpunatenbHoi npu 0<x<I.

6. YOmiBatomass jorapupmuyeckas (QyHKOus, OyaeT oTpuuaTeabHOM mnpu x>1, u

noJoXkuTeNnbHOU npu 0<x<l1:



y=log,x
a>1

e

Ha cnenyromem pucyHke mpeactaBieH rpaduk yObIBaoliel Jorapudmudeckoit

¢ynknum - (0<a<l):

YA :
y=log, x
O<a<m
ab
—
0 1 x
b

7. OyHKIUS HE SABIAETCS YETHOW WM HedeTHou. Jlorapudmuyeckas GyHKUUS —

GbyHKUHS 00111ero BU.

8. OyHKIMS HE UMEET TOUYEK MAaKCUMyMa U MUHUMYyMa.

v X (9]
IIpumep. [Toctpoum rpaduk pyHkuii Yy =2, UCHOJIb30BaB PACCMOTPEHHBIE CBOICTBA

1 HalJi1 HECKOJIBKO TOYCK, MIPHUHAJIJICKAITUX TpaduKy.

OtMmeTuM, uTo rpaduk (GyHkmuu y =2"npoxoaut yepes Touky (0;1) u pacrnonoxen

BoIIe ocu OX.



Ecau X<0 u yOnIBaer, To rpaduk ObicTpo npudamkaercs k ocu OX (HO HE mepeceKaeT
ee);

ecim X>0 1 Bo3pacTaeT, To rpaduk OBICTPO TTOTHUMACTCS BBEPX.

IIpumep . [Toctpouts rpadguk GyHKIHH :

y=log2x, ocHoBaHue 2>1
X 14 [12 [1 [2 |4 [8
y=log2x -2 -1 0 1 2 3




IIpumep. [Toctpouts rpaduk GyHKIUU
y=log13x ocnoBanue 0<13<1
X 9 3 |1 13 |19
y=logl3x -2 -1 0 1 2

vi

Y= .EGQ]L.T

Pasnen 4. YPABHEHUSA U HEPABEHCTBA
Tema 4.1. YpaBHeHHs U HEPABEHCTBA, CHCTEMbI YPABHCHUI U HEPABEHCTB.
Ipumep. Pemnts HEpaBEeHCTBO:
6x%-x-2<0
Pemnm HEpaBEHCTBO METOIOM MHTEPBAJIOB
Pewenue:

1.Haiinem Hynu QyHKIUY, T. € IpUpaBHSIeM QYHKLIHUIO K HYJIIO:

6x2-x-2=0

2 Ilpumennm popmynst: ax’+Bx+c=0; D=p>-4ac; ngz_if::
a=6; B=-1; c=-2.

D=1+4-6-2=1+48=49;

JD=/a9=7

L rx¥rsaz 17 & 13

I 2 15122



3.0TMETUTH Ha YUCIOBOM MPSIMOU U pa30UTh HA HHTEPBAJIbIL:

®
S

2
3

4.IlpouepenoBaTh 3HaK (YHKIMH B KaXXIOM HHTepBaje, mysg 3toro u3 (1) mHTepBana

B3 Xx=1 W mojctraBuiau B yciaoBue 6-1-1-2>0, mostomy Hamo B (1) mHTepBan

MMOJACTABUTH «+» U OAJIbIIIE [IpoucpcaoBaTh 3HAK.

5.JlaTp OoTBET, rae 3HaueHUue QYHKUUU OTPULIATETBHO, T. € «-».

.[_}nzj
OtBer: 53/

Hppauunonanbubie ypaBHeHus. Halinure KOpeHb ypaBHEHUS:

|12 1

J2x— 147 10

st Toro, 4T0O0BI U30aBUTCS OT KOPHS, BO3BEJEM 00€ YaCTH YpaBHEHUS B KBaIpaT:
p 12 ( 1 )
o 41 = \7n
N 2x —14 10
12
2x—14 100
1200
1
2x — 14
1200 =2x— 14
2x = 1214
x = 607

-
Fn

- 100



PauuonanbHbie ypaBHenusi. Haiiqure kopeHb ypaBHEHHS:

¥ — 41
=3
¥x—5

OTMmeTnM, 4TO X HE paBeH MATH (OOpalaeT 3HaMEHaTellb B HOJb). YMHOXHUM 00€

YacTH ypaBHEHHUs Ha (X — D):

¥y —41 .
=3 |-(x—-5)
¥x—5h

¥ —41=3(x—5)
x—41=3x—15
x—3x=41-15
—2x =26
¥ =—13

CrenaeM MpoBEpKYy:

—13 — 41 —54

—=3 = —— =3 = 3 =23 BepHo
—13 -5 —18

Otset: —13

Jlorapugmuyeckue ypaBuenus . Haiinute kopenb ypaBHenus: 10gs(4—x) =4
Hcnomnb3yeM 0CHOBHOE Jorapu(hMUIECKOE TOKICCTBO.
Tak kak logpa=Xx b*=a, To

3'=4-x

Xx=4-81

X= 17

[IpoBepka:

logs(4—(-77)) =4

logs81 =4

3* =81 Bepno.

Otset: — 77

IokasarenbHble ypaBHenus. Halinure kopens ypaBuenus 412% = 64,



HeoOxomumo chenath Tak, 4TOObI B JIEBOW M MPaBOW YacTSIX OBLIM MOKa3aTelbHBIC
BBIPAXKEHHUS C OJIHUM OCHOBaHUEM. 64 Mbl MOXKEM MPEICTaBUTh KaKk 4 B CTENEHU 3.
[Tonyunm:

41—2x - 43

OcHOBaHUS paBHbBI, MOKEM ITPUPABHSITH NTOKA3aTEIU:

1-2x=3

—2x=2

x=-1

[IpoBepka:

41—2(—1) =64

412 = 64

43 = 64

64 = 64

Otser: -1

Pemienue cucrem  mokasarTejbHbIX W JIOTapU(MUYECKMX  YpPaBHEHUM
[Ipu penieHny cucTeM MoKa3aTeIbHbBIX U JIOTapU(IMHUUECKUX YPABHEHUM MPUMEHSIOTCS

T€ K€ METOJIbI, YTO U MPHU PEIICHUU CUCTEM ajreOpanvdecKux ypaBHEHUN — JMHEIHBIC

KOMOMHAIINH, IIOJICTAaHOBKH.
3 X
(—] 477" =20,25,
2
logl(x -y)=-1.
[Tpumep. Pemuts CUCTEMY: 2

Pemenue. O13: X-y>0=x>y.



(EJ 422025 |(3Y a8l |(3)7 a3
2 =<2 4 =412 2=
2 X

log, (x-y)=-1 X—y= =y+2
2
3277 =1 |67 =6 -2=0 =2
= =17 =17
xX=y+2 x=y+2 x=y+2 x=4.
OtBeTt. X=4;
Hpumep. Pemuth
Pemenue.

X]ogqy + zyloggx — 27’ ?)log3 xlog, y +9. 310g3x10g?y — 33,

&
log, 3-log,3=1. log, 3-log,3=1.

=

CUCTCMY: {

X’Og"y + 2leg_1X :27

log,3—log,3=1.

3

OI[B x>0,y>0,x=1Ly#1

log,xlog,y _ n3
3377 =37

log,3—-1log,3=1.

10g3y=ﬁ,10g3)(=1 3
TTOCKONEKY 08, 08,2, TIOJTyYHM CHUCTEMY
11 1 1 ’
K S SN log, 3 log, 3 7
log,3-log,3=1.  |log 3-log, 3=1.
. t=log 3,z=log 3 .
KOTOpast 3aMEHOMU ¥~ MPUBOAMTCS K BUY:
11 1 .
—-=2, |z:t=-, {2t2+2t—1:0, {t—(—li\/3_)/2,
Zt = 2 e =
z—t=1 z=1+t z=1+t z=(1%\3)/2.
Bo3sspaiaemcs K UCXOIHBIM IIEPEMCHHBIM.



1
t 1+4/3
x=23, x=3 "r,

1 = 3
—1+4/3
y= 3; y= 3 .
Otger. X= 31tJ§; y= 33
Pemenne MOKa3aTeJbHbIX ]| JorapupMuyecKux HEPABEHCTB
IToka3arenbHOE HEPABEHCTBO 1095 g npu 1>a paBHOCUIIBLHO

HepaBeHcTBY [ () > 9(¥) (3paK HepaBeHCTBA coxpaHsercs), a mpu 1< a<0 paBHOCHIBEHO

HepaBeHcTBY [ (¥ <9(X) (3gak HepaBeHCTBA MeHSeTCA Ha IPOTHBOIIONOXKHEIN).

Jlorapudmuueckoe HepaseHcTBo (094 [(X)>1094 9(X) ypy 4 > 1 paHOCHIBHO CHCTEME

g(x) >0, { f(x)>0,
f(x)<g(x).

HEPaBEHCTB {f (0>9(X) a mpu0 < a < 1— cucreMe HEPABEHCTB
[Ipu pemeHnu norapuPMUHYECKUX HEPABEHCTB HAJA0 HAMTU 0O0JACTh OIpeIeIeHHs
HEPABEHCTBA;, IPH IOTEHIMPOBAHMM II0 OCHOBAHMIO, OOJBIIEMY €IWHHIBI, 3HAK
HEPABEHCTBA COXPAHSIETCS, a IIPU TOTEHIUPOBAHUH T10 MOJIOKUTEILHOMY OCHOBAHUIO,

MCHBIICMY CAWHMUIIBI, 3HAK HCPABCHCTBA MCHJACTCA Ha HpOTHBOHOJ’IO)KHBIfI. Ha

MPaKTHKE yI00HO MIPUMEHSTh dbopMy b
[f(x)>0, -
Vx> at f(x)>0,
io1 ’ 1 f(x)<a’,
log, f(x)>be . a>1.
f(x)>0, log, f(x)<b < f(x)>0,
$f(x)<a’, Jf(x)>a”,
O<a<l. O<a<l.
L unu L



Paznen 5. HAYAJIA MATEMATHUYECKOT'O AHAJIU3A

Tema 5.1. IlocienoBaTeIbHOCTH.

YucsioBbIe MOCI€10BATEILHOCTH.

Onpeodenenue. Hucnosoit nocnedosamenvrnocmopro (U1 HOC1€008AMENbHOCHBIO)
Ha3bIBAETCA MHOKECTBO HHCEN 18} , TIOJlyYeHHOE MpU OTOOpaKEHUU MHOMKECTBA
HaTypanbHbeIX unced N B MHOxkecTBO naeifctBurensHbix uncen R (F:N—B3 npy
kotopom (=&, Uucno & ua3bIBaeTCA 21EMEHMOM NOCIE006AMETbHOCHU, 2
qrcio N ero Homepom. OueBUIHO, MHOKECTBO {8} sBnsercs cueTHBIM MHOXKECTBOM.

OcnogHvie cnocoOwvl 3a0anus NOCi1e008amelbHOCmel.

_(ﬁn _1 n
1. 3agaHue c MOMOIIBIO hopmybl, HAIPUMED, q——r?+1j HITH TIPOCTO |17 (-

a1 1.1 A
Taxkas MMOCJICA0BATCIIbHOCTL COACPKUT YUCIIa Iz :l:?ljz é

2. 3ajmaHue C TIOMOUIBIO  PEKYPPEeHMHO20  COOMHOWIEHUA,  HATPUMED,

é%%%ﬁ. Takas 1ociaenoBaTEeNbHOCTE COCTOUT U3 YHCEI
R
1235813

a
OCJICAOBATCIIbHOCTHU nJ, “*nJ, n"“nJ, - HA3bIBAKOTCA COOTBECTCTBCHHO
I b} bl o) {2

n
CYMMOIL, pA3HOCMbIO, NPOU3BEOCHUEM Y HACMHBIM TIOCTICIOBATEIIBHOCTEH {a.} u bt

Onpeoenenue. IlocnenoBaTenbHOCTD {a.} maswiBaercs HOCMOAHHOU, €CIIA BCE €€

4jIeHbl PaBHBI OTHOMY U TOMY K€ YHCITY.

Onpedenenue. TloCIeNOBATENBHOCTD (8] HA3BIBACTCA MOHOMONHOW, €CIU OHA
asnsieTcs neyoviearoweii (WEN &=81,) unu nesospacmarwoweii (VN a=a,),
Onpedenenue. TIocne0BATENBHOCTD 18] HA3LIBAETCS CHPO2O MOHOMONHOIL, ECITH OHA
ssnsercs gozpacmaioweii (VN @=8,3) ynu yovearoweii (VN @A),
[TocienoBaTeIbHOCTH THIIA {(—1)"} Ha3BIBAIOTCA KONEONIOUUMUCA.

Onpeoenenue. llocnenoBaTenbHOCTh {a,} HaseiBaercs 02PAHUYEHHOUl céepXy, €CIU

CymeCTBYCT TaKOC YUCIIO M , 4TO BCC YJICHBI ITOCICAOBATCIbHOCTH MCHBIIIC M,



Onpeoenenue. IlocnenoBaTeIbLHOCTD {a,} HaspBacres 02PAHUYEHHOU CHU3Y, €CIU

CymeCTBYCT TaKOC YHUCIIO M , 4TO BCC YJICHBI ITOCICA0BAaTCIbHOCTH ooubie M .

Onpeaeﬂeﬂue. HOCHCI[OB&TGJIBHOCTB {an} Ha3bIBACTCA ozpanuuennoﬁ , CCJIN OHa

OrpaHUYEHa OJHOBPEMEHHO U CBEPXY U CHU3Y.
Onpedenenue. T10CIENOBATEILHOCT (%) HA3BIBACTCA HEOPAHUMEHHON, SCIH IS
moGoro umcna M >0 majinercs Takoi ee wien &, uro [&[/>M. (B cuyuae

HCOI‘p&HH‘JGHHOﬁ IMOCJICAOBATCIIBHOCTHU YICHOB, YAOBJICTBOPAIOIINX 3TOMY CBOﬁCTBy,

OyneT 6ECKOHEYHO MHOTO).

|. Ilpenen nocjieq0BaTeJIbHOCTH.

Onpeoenenue. IlocnenoBaTeabHOCTD {an} HA3BIBACTCS cX00sauelica XK auciny 2, ecinu
V=0 =N Takoe, uro npu N> N, BemonHsercs HepaBeHCTBO | —8<&. Upcno a
Ha3bIBACTCA HPeOeIoM NnOCAed08ame1bHOCU {an} npu M=% u obo3Hagaercs
ling, =a
bl :

Onpedenenue. Eciin nocnenoBaTebHOCTh {a.} e nmeer npezaena, TO €€ Has3bIBaloT
pacxooauenics.
[IpuBeneM SKBUBAJICHTHOE OTPEEICHIE TAKOUW MOCIEA0BATEIHOCTH.

T eopema. Bcskas MoHOTOHHAS U OrpaHHMYCHHAs IMOCICAOBATCIIbLHOCTb CXOAUTCA.

Ipumep (6mopoii 3ameuamenvuwlii npeden)

0
N

I1. CBoiicTBa npenesion.

[Ipr BBIUKMCICHUM TIPEACIOB IMOCJIEAOBATEILHOCTEH YIO0OHO HCIOJIH30BATh
cieayromue ux cpoictra. [lycts ,l% =ay AL(LQ :b, TOrAa
1) nepenen cyMmbl (pa3HOCTH) ABYX CXOJAIIUXCS MOCIIEIOBATEIIbBHOCTEN pPaBEH CyMME
(pa3HOCTH) UX MPENIEIIOB: rl,l,o'ﬁ +Ha)= lima, + 11 =ath,.
2) mnpenen TPOU3BEACHUS [JIBYX CXOIAIIMXCS TOCIEIOBATEIIBHOCTE  paBeH

TIPON3BENCHUIO HX TIPE/IEIIOB: rllﬂ(aﬁb\)ﬂman -l =ab



(cnenctBue: TMOCTOSIHHBIA MHOXKUTENIb MOKHO BBIHOCUTH 33 3HAK Mpenena
lirma=Cc¢&y\.
(n—eo a1 é))l

3) npeaci 49aCTHOIO JABYX CXOIAINIUXCS HOCJIGI[OBaTeHBHOCTeﬁ PaBC€H YaCTHOMY HX

-
MPEAEIIOB: '!E'é?%fa—t) :;

4) nmpegen CTENEHW, SBISIOMIEHCA CXOIALIEHCS MOCIEI0BAaTENbHOCTBIO, OT
CXOJSILEHCS TOCIEN0BAaTEIbHOCTH PaBEH CTENEHH, paBHOM IMpeneny MepBOu
NOCJIEI0BATEIBHOCTH, oT npejena BTOpOM NOCJIE0BATEIBHOCTH:
1 g i

. &

(mepBoe  creacTBHE:  Ipeled  HATypalbHOM  CTENEHM  OT  CXOASILIEHCs

o = = L
MOCJIEI0BATEILHOCTH PaBEH ATOM CTEMEHU OT ee npesena ( L;E@‘:&;#a@),

BTOpPOE  CIIEACTBUE: Nperen KopHs K- oif  cremeHn OT  CcXonsuencs

IIOCJICA0BAaTCIbHOCTH paBcH KOPHIO ATOM KC CTCIICHU oT mnmpeacia

HOCJIE0BATENBLHOCTH ( W»;

5) mycrs MMB=a limh=a  , vn yauypnas ¢ wexoroporo uncmaN, & =G =h,

Torma NG, =¢C (Teopema o0 Tpex MOCJIEeI0BATENBHOCTSIX ).

I11. BeckoHeyHo MaJjias MOCJEA0BATEAbHOCTbD.

Onpeoenenue. IlocnenoBaTenbHOCTh {@.} naswiBaercs Geckoneuno manoii

nocnedosamensnocmoio, eciu W1 =0,

OTMeTHM OCHOBHBIC CBOMCTBA OECKOHEYHO MAJIBIX MTOCIIEI0OBATEILHOCTEH:

1) cyMMa KOHEYHOrO 4YHClIa OCCKOHEYHO MaJbIX IIOCIEeI0BATEIBHOCTEH €CTh
OECKOHEYHO MaJtasi MOCJIeI0BATeIbHOCTD;

2) mpou3BeAeHHE JII000ro Yrciaa OSCKOHEYHO MallbIX IOCIIE0BaTEIbHOCTEH €CTh
OECKOHEYHO MaJasi OCIe0BaTEIbHOCTS;

3) npowusBeneHUe OCCKOHEYHO MAaJIOW IMOCIJICA0BATEIILHOCTH {2} Ha OTpaHUYCHHYIO
MOCIIEI0BATEIBHOCTD () €CTh GECKOHEUHO Maast

IIOCJICA0BAaTCIIbHOCTD.



Onpeoenenue. llocnenoBaTenbHOCTh {a.} HaseBaercs Geckoneuno Gonvwioii

nocnedosamenvnocmoio, ecma MVEO N, takoe, uro WHENN, [ =N\,

s GecKOHEYHO OOJBIIMX TOCJIEIOBATEIBHOCTEH OyaeM mucaTh m=+o 1507051
ling,=—-oc
n—»o .
1
Teopema. 1) Ecnu {@.} - Geckomeuno wmanas NOCIe0BATeNILHOCTE, TO |~ -
n
OeCKOHEYHO OoJIbImasl IOCICAOBATEIBLHOCTL. 2) Ecmm {a.} - Geckoneuno Gompimas

1

IIoCJacaA0BaTCIIbHOCTD, TO {a_} - OCCKOHEYHO MaJtast IIoCJacA0BAaTCIIbHOCTD.
n

I11. Borunciienue npeaesioB B ciiyvyae HeonpeaeJeHHOCTEI.

[Ipn BbIUKCIICEHUM TpeEAeNioB ainredpandyeckux QyHKuuii npu X —>Xg Oyaem
OMUPAThCS HA TEOpeMy 00 apuPpMETUUECKUX OIepalusX HaJl MpeAeiaMu U CIIEeICTBUE
U3 HEE U HEKOTOPbIE JOMOTHUTENbHbBIE (DaKThI:

a)  Teopema:  €CIM  CYUIECTBYIOT  KOHEYHble  mpefensl  (QyHKUUN
1 1AAe=T1 =
e i , TO CYHIECTBYIOT TpeIeibl CyMMBbI, Pa3HOCTH,

MPOU3BEIEHUS, HACTHOTO 3TUX PYHKIUN U UMEIOT MECTO (hOPMYJIbI



C 14 — _ 81 VAS»EE .
0) ciencTBue: @]4 U Ipu )

n N IIEOEES [ st i s

li@ii :@@ 2 g:ecnn [ OFEN S

1i1@3§@2®§ €Ciu W
X0

=8

L Z2o

¥ —— qpeacraBisieT co0ol

r) ecin LE>ECX €10 npenen
) P % C200)

0
HEOIIPEAECIEHHOCTh 0 Jns pacKkphITUs 3TOM HEONPENCICHHOCTH HY>KHO BBIICIUTH

MHOXHTENb (X —Xg) B unciuTene U 3HAMEHATENE U COKpPATHUTh JIpOOb Ha (x—xp);

J) €CIU HYXHO BBIYUCIUTH IMpeled paluOHAIBHOM (QYHKIMH, COCTOSIIEH U3
anreOpanyeckor CyMMbI IpoOeil, TO Jydllle MPUBECTH UX K 00IIEeMY 3HAMEHATEIO;

€) IpU BBIYUCIEHUHU IMPEAETIOB, COJAEPKAIIMX HMPPALMOHAIBHOCTH (B TOM Ciydae,
KOTrJla HENpUMEHMMa TeopeMa O Tpelneiie YacTHOro), HYKHO TIEpPEHECTH
UPPAIMOHATILHOCTD U3 YHCIUTENS B 3HAMEHATEIh MM HAa000pPOT.

HGO6XOI[I/IMO HMCTb B BHAY, 4YTO 4Yamc BCCTO IIPHUXOAUTCA HUMCTb JOCIO C

HEOIpeIeIeHHOCTAMU. VX BCEro ceMsb: w §C>‘

3aMeuaTesibHbIE MPe/ebl.
3aMedaTeIbHbIMU IPEAESTIAMHU SIBIISIFOTCSI:
nepewvlii 3ameuamesibHblil npeoe

Sirx

lim—=1
x9 X

U 6MOpOIl 3ameuamenvHulil npeoe



Acumnroruyeckue (popmMy.ibl.
Teopema. Ecm W=D 1y FR=o+cBd e NI=0 1c pynxuua @(X)
ABJIIETCSI OECKOHEYHO Masioi hyHkmmer npu X = @, BepHo u oOpaTHOE yTBEpKIACHHE:
ecru TQ=PO+AY e a(X) - Geckomeuno mamas Qymkuus npu X2, o
lini(®)=b
n :

Sirx SIRK

PaccMoTpuM IepBblit 3aMmeyarenbHblii npexes 110 e =1, Torma T =4+c@9, rpu

srom HIBI=0 Hcnons3ys mojiydeHnyo GopMmyiy, npeactaBuM QyHKuoo SiNX B

pune SIRH) Tak kak XAY=0AX) (neiictBurensuo | i@x =k 14@n-€)

TepenuIIeM HaiIeHHy 0 (GopMyITy B Buje SI1R=>HAR),

[TomoGHBIE POPMYITBI, KOTOPBIC HA3BIBAIOT ACUMNHLOMUYECKUMU hopmynamu

(W1 acumMnmomuuecKumu  pazioyceHusAMu, WId  ACUMAMOMUYECKUMU
npeocmasneHuAMuU (QYHKYuil), MOXHO TIOJYYUTh JUIi MHOTMX (QyHKumi. Jlms

MPOCTEUINX JIEMEHTAPHBIX (DYHKLIMHA CIIPABEIMBbI OLIEHKU:

1) s 1 IR=><+aAR):
A
2) C&s_—zf—m%j;

3) SxAokrwty &L,
' =<+,
1) 11363,
5) @B =H<ieR3;
6) tg—=+a);
7) sh=<+a),
8) ch&é%ﬂe@%:;

9) thx=x+a):
10) arcsexaa?:;



11) arctea®d,
Ot popmyinbl yIOOHO HCIONB30BATh MPU HAXOXKACHUHU TpenenoB (GyHKUUNA BHUAA

LG

B = Cn |
Mpumep. Beruncmurs L iag2————
S =

0
Pemenue. B JaHHOM ClIy4ac HMMCEM HCOIIPCACICHHOCTDb 6, TaK KaK YUCIUTCIb H

3HaMeHaTeNlb OoOpaiaroTcs B Hydb npu X =3. ClenoBarelbHO, MMEETCA OOIIuii
maOkuTens (X —3) B umcnmTene u 3HaMeHarene. BbBINENTHM €ro, pa3IeluB

MHOI'OYJICHBI Ha (x - 3) .

0

BHoBBE nmMmeem HCONPCACICHHOCTDb 6 M C1IC pa3 BbIACIIICM MHOXKHUTCIIb (.X' - 3) , TO €CThb



. . 15 o =oed]
puMmep. Berancnuth xR ——
~> 2o

0
Pemenue. Mmeem HCOIIPCACICHHOCTDb 6 VYMHOXHUM YMCIIMTEIb M 3HAMCHATEIb Ha

BCIIMYNHY, COIIPAKCHHYIO YUCIUTCIIIO. HOHY‘—II/IM

. ngﬂ 3-2/x+1D)- (x+13+2/x+1)

2 2 _0.(/xr13+2/xr0)
—lim —x—3 —
3 x—3- Yt 3- (/1 342/ x+ D)
i —3-J(c—3)° _
33334 3- (/a1 342/ 1)
. -3 0
:}Cl—rgn Jx43- (x+1 3+2/x+1) :_3%%

=0

Orser: 0.

.70 0
[Ipr BBIYMCICHUU TPENECTOB lima—— yyeem HEONpPECACICHHOCTh —, KOTOpas
e O &) o0

PACKpPBIBACTCA ACJIICHUCM YHCIIUTCIIA WM 3HAMCHATCIII Ha CTAPIOYHO CTCIICHDb X, HpI/I

9TOM II0JIC3HO MCTh B BULY, UTO

I 12

11 = e CIUREFE,

ISt SVy/ i/ g 7)



IIpuMep . BeruucauTe mpeaesnsl YUCIOBBIX MOCIEI0BATEIBHOCTEN

7§n|§ ziga

b) 11

Penienue.

éli%g?—@f a7 4%—.4411—%%—1

=4
3B+

$ﬂ1%6
n%

7§7/H§372(—)H
b) 11
%
YUCIIUTCJIb U 3BHAMCHATCJIb HA I’l2 , 1 I10JIy4acM
e ) %‘)

A A e 11%119

CTapH_IaH CTCIICHb B YHUCIIUTCIIC U1 3HAMCHATCIIC n , ACJTIUM

Hpumep. Boraucianre

0
Peuienue. a) imeeM HeolnpeaeaeHHOCTh 0
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2
Ipumep. Borancmuts 11 .
2213

. AF Az
Pemenne. Mveem 11 =11m27

(22D T =
H———
72 r7
11 @Ga=2——
7z
[Ipy BBIUKCIIEHWM ATOTO MpeAeia aHAIOTMYHO MCIOJIB3YEM BTOPOM 3aMeyaTelbHbBIN

npenaen

E 474941 ) ( 2ra Y
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. 224
. 24 224
11 —
fbi A7 12243
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Ipumep. Boraucianre

Pemenue.
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Bt == = S%l

Tema 5.2. IlpousBoaHasi.
|. OnpeneJsieHue Npou3BOIHOIM.
Hpupawenuem @ynxyuu Y=T() B Touke X, coOTBETCTBYIOIIEM INPUPAILEHHIO
aprymenTa AX, Ha3pIBaeTCs pa3HOCTh

<R3,
Onpeoenenue. Ipouseoonoii ¢ynxyuu Y=F() B Touxe X HaswBaeTca mnpenen
OTHOILICHUS TpUpaileHuss GYHKIMU B ATOM TOUKE K MPUPAIICHUIO aprymMeHTa IpHu

CTpeMJIeHHH IIOCJIICIHECTO K Hy.]]}O, CCJIN ODTOT Hpeﬂ;eﬂ CyHleCTByeT, T. €.
NS —— >
&> A )

df
3ameuanue. MHOrma 6onee yno6Ho apyroe o6o3nauenne npoussognoi f'O)=—- dx

HaxoxxaeHnue mpou3BoIHOM Ha3BbIBAIOT TaKXKe oughgpepenuyuposanuem GyHKIum.
Texnuka auddepeHIMpPOBaHUS BKIOYAaeT B Ce0S 3HAHUE IPOM3BOJHBIX
NPOCTEUIIMX  DJIEMEHTapHBIX  (PYHKIMA W 3HAHUE  OCHOBHBIX  MPaBUII
nuddepeHpoBaHus.
1. Tabamua nmpou3BOAHBIX OCHOBHBIX 3JIEMEHTAPHBIX (PyHKIUIA

1) (€Y =0

3) (siy=cax,
4) (cab=sikr

- =z _
5) ©ESe— )5.4*@;

——

6) €t~ Cetub<=

7) @'% =2EE2223 (B YACTHOCTH, (ex) =e"),



8) @ W (B wactroctu, (I 2)1( );
A _
9) (ai%gl@ga;
-
10) (a*%e@é;

11) @F&%l;

- B

12) (ar%;
13) shy'=ckx;
14) €hy=skx;

15) (th<)’=C';;K;

16) CR——=

I11. IlpaBuaa nudppepenuupoBanns
1. Ilpouszeoonas om cymmsl @QyHKUUIl, YMHONCEHHBIX Ha uucia (CBOICTBO

JUHEWHOCTH MPOU3BOJIHOMN )

o c]=rexica

2. IIpouseoonas om npouseedenus YyHKyuil

sl raassag.

3. Ilpouszeoonas om uacmuozo

2Fee

4. Ipouseoonas om odpammnoii gynxyuu: nycts Y= a x=ay) te. f u ?-

B3aMMHO OOpaTHbIe QYHKIIUU, TOTIA
1
[redl——
2

3ameuanue. [Ipu Haxoxnennn npoussoxHoit Gynkuun f(X) mo aroit Gpopmyme moce
BBIYUCJICHUS TTPOU3BOIHON B MPaBOW YaCTH CJIEAYET BBIPA3UTh, UCIIONB3Ys (HOpPMYIy

y=1(), Y gepes X, manpumep,



5. Ipousseoonas cnoxcuoii pynkyuu Y—TCE)
3amevanne. Hwkaue MHAEKCH y (QYHKIUH TOKA3bIBAIOT MEPEMEHHBIE, 0 KOTOPHIM

pOU3BOJAT TU(pdepeHIIMPOBAHHE.

Ipumep. .W

X=¢1),
6. uppepenuuposanue hynkuyuu, 3a0annoii napamempuyecku {y: (o).

Eciu ¢pynkuuu X=¢O) u Y=v{) umeror npoussogusie 1 ¢®#0, torna dpyukius

y=1(X) raxxe umeer npousBoaHYIO, HpUYEM
4,
AO’

T. e. mpousBoaHas | (X) aenserca Qyukuumeit mapamerpa b, KOTOpBIH, OHAKO, MOXKET

=

) 1
OBITH MHOT/Ia UCKITIOUEH C IIOMOIIBI0 00paTHON QyHKIMU t=¢ (X,
1. lupgpepenuuposanue eéexmopnoii hynkuuu.
PaccMOTpUM 3aKOH JIBMKEHHs YacTHIlbI, ONHUCHIBAeMBIN paauyc-Bektopom (1),

YToObl HAWTU CKOPOCTh YACTHULBI, PA3JIOKUM PaguyCc-BEKTOpP MO Oa3UCHBIM OpTaM

P =0 Oy
TO=OG O =0 Torja & il el L L

8. Ilpou3eoonan nesagHnoil hynkyuu.

Hycte ¢ynxkuus Y=T() 3amama mespupiM 06pasoM, T. €. B BUIe ypaBHEHHS
FxY)=0. Tlpoussomnyro Y'(X) moxno Haiitu auddepeHIUpoBaHHEM YpaBHEHHUS
FXY)=0 no nepemennoii X, yumteiBas, uro Y sBaseTca  QyHKIHEH 5TOif
MIEPEMEHHOM.

INpumep. PaccmotpuMm — ypaBHenue, 3ajgaiomiee  Qynkmuio  Y(X)  HesBHBIM
o6pazomM, €S Rk D<€, [Tpomuddepenmupyem 3TO YpaBHEHHE

EAECASERHAEC. BpipasuM M3 TI0JyYEHHOTO BBIPAKEHUS HYKHYIO HaM

2

MPOU3BOJHYIO )5@9=é,—

ey Ota mnpou3BojHas ABiAeTCS (QYHKUUEH JBYX



nepeMenubix X w Y. 3ameruM, 9TO 3Ty (DYHKIMIO MOXHO, WCIOJIB3Yys ypaBHEHHE

p==== N
Fxy)=0 NS—
, 3alICaThb B IPpYIroM BHIC )Bﬂl)gé

9. Jlozapughmuueckoe oughgpepenuuposanue.

[Ipu norapudmuyeckom ILI/I(b(bepeHquOBaHHH HAXOJIUTCA MPOU3BOJHAS HE CaMOil

byHKIIMU, a ee Jorapudpma [Irf®] ® (nocapugpmuuecxkan npouseoonasn). C

MOMOIIBIO TAaKOTO AU(depeHINPOBaHMs YI00HO HAXOAUTh MPOU3BOIHBIE OT PYHKIIUN

BH/IA y=Ff(**, Crauana norapupMupyem 3TO BBIPAKCHHE

1 @)l fG, 2 satem HaxomuM Orapu(MHUYECKYI0 HPOU3BOIAHYIO

==c$A @—% Jlerko Temneph MOIYYHTh HYXKHYKO HaM IIPOHU3BOIHYIO

Mpumep. Beruuciumm — npomsBogHyto  GyHKmmum — Y=(Si®'®.  Bpruucusem
x> :I_ (@3 |
I sRate=y

JOTapu(PMUYECKYI0  MPOU3BOIHYIO N~ Cese 3 5 OxoHYaTelbHO

1 il
HAXOIUM %S}ﬁd?@

Tak)ke ¥MeeT CMBICI HCHOJB30BaTh Jorapudpmuyeckoe muddepeHnmrpoBanme npu

TR

HaxOXXJICHUU  TPOM3BOJIHBIX  (QYHKIMH  BHIA F—\m , TakK  Kak

I~ aGhill iS¢,
cAds

IMpumep. Boruuciaum npon3BogHy0 QyHKIUA Y=o 5 St Haxonum norapugpm

5TOM (QyHKIUK lﬁ’@@ BrrunciseM norapuMUIECKyrO
S T e e
TIPOU3BOHYIO = =

hYdLe e - d ga > - -

= =

JAuddepenunan pyHkumm.



Onpeodenenue. /lugppepenyuanom (v tiepBeiM nuddepeHimanom) @yHkyuu
y=1() B Touke % Ha3pIBaeTCA BeNMUMHA, IIPOIOPLUOHATBHAS OECKOHEYHO MAIOMY
NPHPAIEHHIO apryMeHTa AX Y OTIMYAKOIIAsACcs OT COOTBETCTBYIOLIErO IPUpALIEHHs
GyHKIMY Ha GECKOHEYHO MaIYIO BEIMYHMHY 00JIEe BHICOKOTO MOPsIKa, ueM AX
Juddepentman ¢ynkuun obo3Hayaerca uepes 9 wumm df(X) . Crnenosarensho,
dy=F"CeX
Onpeoenenue. Jluppepenuyuanom nezasucumoii.  nepemennoi’*  Ha3bIBAETCH
IPHpAIEHHE YTON IIEPEMEHHOM, T.e. dX=AX

Taxum obpazom, muddeperman pyakmun Y= f(X) B rouxe X umeer puxy Ady=F'(IA:,

dy

F')=—"

orkyma F'09=_..
3ameuanne. @opmyny —FGSEDERD PG MoxHO HCIONB30BATE A

NPUOTMKEHHOTO0  BBIUMCIIeHMs 3HaueHus ¢ynkmun [ (X) B Touke X% +AX o
m3BecTHBIM 3HaueHnsIM OO, 00 1 Ax
HexoTopsie cBolicTBa nuddepennmana GyHKINN:
1) aunennocmo
ARSI <P,
2) ougpghepenyuan npouszeedenusn
ar-o—<-+#F-d,
3) ougpgepenyuan wacmmuozo

c@‘\g-@fd.

=) g
4) uneapuanmuocms ougghepenyuana

SAAGESE - o<l NG

YpaBHeHHs KacaTeJIbHON U HOPMAJIM K KPUBOM.
Tak kak 3HaueHHe mpou3BoaHOH B Touke (X)) paBHO yrmosomy kod(hduiHeHTy
KacaTenbHoM K rpaduky ¢pynkuun Y= T(X) B touke X, camo ypaBHeHMe KacaTenbHOI

MMEET BU]T

Y TFRDFRES,



a ypaBHEHHE

>f—"®=®¢§a§

SBIISIETCSl ypaBHEHUEM HOpPMaIM K TpaduKy 3TON (GYHKIIMH B 3TOM JKE€ TOUKE.

NuTepBanbl Bo3pacTaHuss M YObIBaHUS (QPYHKUMH, IKCTPeMYMbl (PyHKUMIA,
BBINYKJIOCTh (YHKUMHA W TOYKH meperuda, acHMNOTOTHI rpapukoB (yHKUuii,

HccJIea0BaHue (PYHKIUUA U MOCTPOEeHUE IPaduKOB.

1. Ycnosus monomonnocmu hynkyuu.

WNurtepBansl Bo3pacTaHusi U yObIBaHUS (DYHKIIMM MOXXHO OIPEACNIUTh, H3ydas
nosefieHUe ee mepBoit npoumsBoaHoi. Ecim dymxiusa (X)) nuddepennupyema B
unteppane (&b) (Bosmoxmbl ciaydam 8=° pmm P=%) u g1 moGoro X<€(& Db)
BbINONHEHO HepaBeHCTBO TOIEOFXI=C 10 f(X) Bospacraer (yObIBaeT) Ha TOM
UHTEpBAJeE.

2. Ikcmpemymol pynKyuu.

Onpeodenenue. Touka %o HA3bIBACTCS MOYKOIU NTOKATbHOZ0 MAKCUMYMA (IOKATbHO20
MUHUMYMa), €CIU CyIecTByeT Takas okpectHocTh UY(X) »sroif Toukm, uTO
TOERYD) SsAGls=; (TR SsAGPs=;). Touku JIOKAILHOTO
MaKCUMyMa ¥ MHUHHMYMa Ha3bIBAIOTCS MIOYKAMU JIOKAAbHOZ0 IKCHMpeMyma, a
3HauYeHUA (PYHKIIMHU B ATHX TOUKAX — IKCmpemymamu GHyHKINU.

Onpedenenue. Touknm o0macTH ompeneNeHus HempepbiBHOH ¢ynkmun (X))
KOTOPBIX €€ TPOW3BOAHAs paBHA HYJIIO WM HE CYIIECTBYET, HA3bIBAIOTCS
Kpumuyueckumu moukamu QyHKIUH.

Touku 3KCTpeMyMa ¢ HEOOXOAMMOCTHIO JTOKHBI OBITh KPUTUUECKUMH TOYKaMH (HO HE
Hao0opoT). Chopmynupyem 10CTATOUHBIE YCIOBUS IKCTpeMyMa QyHKIUU.

Ilepgoe docmamounoe ycnosue sxcmpemyma. Iycts dynxims | (X) menpeprisra B
Touke * u guddepeHmpyemMa B HEKOTOPOU €€ OKPEeCTHOCTU (KpoMe, MOXKET ObITh,
camoii Touku % ). Torna, ecim T'(X) Menser 3max npu nmepexone uepes Touxy %, 9Ta

KpUTHYECKass TOYKA SBISETCA TOYKOW JOKaabHOro 3KcTpemyma. [lpu stom, ecnu



’ ’ v
f'() >0 nesee Touku % (ama X<%)u F'(X)<0 npasee s1oii Touku (1 X> %), TO %o
- TOYKA JIOKAJIBHOIO MakcuMyMma. Ecim 3HaK y nepBoM NPOU3BOJHOW MEHSAETCS

IIPOTUBOIIOJOKHBIM 06p330M, TO % - TOYKA JIOKAJIbHOTO MHUHHUMYMaA.

Bmopoe Jocmamounoe ycioesue IKCmpemyma. ITycth
Q)
TOFQSQ—FPSD< 3 F”00)=0. Torna ecu N - wetnoe uucno, o % -
fO(x)>0 X
TOYKa JIOKaJbHOTO HKcTpemyma. Ilpu sToMm, ecim X)=U 10 % - TOUKa

®
nokansHoro Muaumyma. Ecim sxke T 06) <O, 1o X - Touka 10OKaTbHOr0 MakKCHMyMa.

Ipumep . BEMUCIATE MTPOU3BOAHYIO (DYHKIHHM:
y=-X*+x3-3x+5

Pewenue:

Jlns pemrenus npuMenuM dopmyisl ( GHAY =t-H/, (XY =nX™;, Y =H'QY; (¢)'=0;
o)’ =k):

~ -

OTBeT. DEE—C

IIpumep. BeruucanTs npou3BOIHYIO CIOKHON QYyHKUIUU:

y_3><+4
2x—6

Penienue:

U-\/~—Vv-L , ,
JUist pereHust npuMeHuM HopMyITbI( é\‘}' = oy’ =k: (c)'=0)

IIpumep. BeraucanTs Npou3BOIHYIO CIOKHON (HYHKIUU
y=rn&+3

Penrenue:



4 1 4
Jlst pemenns npumennm Gpopmynsr (110D = -U; (kx)' =k:

gy

Orser. 5 —

IIpumep. Beraucinuts npou3BOIHYIO CIOKHOW (PYHKIIMU

y — e3x—6

Pewenue:

Jlns pemenus npumenum Gopmyisr €@ =€ -U; x-) =k:
&=

OtBer. 3e*°

IIpumep. Bpluucauts  NpuOIMKEHHOE 3HA4Y€HHE (QYHKIUH, TOYHOE 3HAUYCHHE
(GYHKIIUMM, HATU NOTPELUIHOCTh BBIUNUCIECHHUSL.

1. TouHOE 3HAUEHUE:

y=2x*-4x+1,npux =101
y(1,01})=2-(1,01)2-4-1,01+1=-0,9998

2 ITpuOnv>keHHOE 3HAUEHUE

y=2x*-4x+1,opux =101
x=1+0,01

X =1
fay=2-1*-4.1+1=-1
F)=@x3-4x+1) =4x— 4
floy=fF)=4-1—4=0
dy=0-0,01=0

¥(1,01)=-1+0,01=-0,99

3.AOCoIOTHAs! U OTHOCUTENIbHAS TIOTPEIIHOCTH:
1)ﬂ= |x —a |

A=|—-0,99 —(—-0,9998)| = 0,0098



2)° =

__0,0098
~ -0,99

LA
X

IIpumep . HaXOXKAeHNUE HAUOOJBIITNX U HANMEHBIIINX 3HAYCHUN PEATbHBIX BEJTMUH.
1) Haiinem nuddepeniman GyHkuum:
Y’ =(2x3+3%2+2)’=6X?+6X
2) y’(x)=0
6X2+6Xx=0
6x(x+1)=0
X1=0
Xo= -1 X1,X2-KpUTHUUYECKHUE TOUKU
0el-2;:1]1- na
—1e[-2;1]-aa
J-2)=2-(-2)*+3-(-2)*+2=-16+12+2=-2

y1)=2-1*+3-12+2
x)=y1) =7
[I_nzs:nicl}(x} y(1)

[r_nzig]}-'(x} =y(-2) = -2

Ipumep. 3aKoH ABWKEHUs Tena 3amaH Gopmynoi S = 5t— 0.5t (v), rae t- Bpems B
cekyHaax. HailTu ckopocTh B KOHIE 4 CEKYH/IbI.

1)Haiinem nuddepenipan GyHKINY;

2)ITonctaBuM BMecCTO t 3HaUEHHE BPEMEHU.

U(t)=S’(t)

U(t)=S’(t)=5-t

U(4)=5-4=1

OtsBert: 1M/C

IIpumep. UccnenoBarh ¢ MOMOIIbIO TMPOU3BOJHON (PYHKIUIO U TOCTPOUTH rpaduk
Gynkmun  y = x3-3x?

«»



Cxema noctpoeHus rpaduka GyHKIMUA ¢ TTIOMONIBIO IIPOU3BOTHOM:

1)Hatitu D(y) o6macTh onpeiencHus;
2)IIpoBepHUT HA YETHOCTH/HEYETHOCTD;
3)Haiitu nepeceuenus ¢ ocsamu ¢ Ox:y=0 (ae Bceraa), ¢ Oy:x=0
4)IIpoBepuTh HA IKCTPEMYM;
5)HaiiTu BBITTYKJIOCTh U BOTHYTOCTh ITPOMEKYTKOB;
6)Haiitu momoTHUTEBHBIC TOUYKH(ECIIN TOTPEOyeTCsI)
D(y)={—see;ee)
Y(-X)=-y(X) — HeueTHas
x3-3x?=0 (Hy>KHO IPUPABHATE K HYJIIO)
x?(x-3)=0
x=0
X=3
DKCTpEMyM:
y’=( x3-3x%)’=3%%-6X (HaX01M HPOM3BOAHYIO OT (PyHKIIUH)
y’=0, 3x?-6x=0 W
3x(x-2)=0 + - +
x=0 0 2

X=2
X=0 — Touka MakcuMymMma
y(0)=0; (0;0) — Touka MakcuMyma
X=2 — TOYKa MUHIMYMa
y(2)=-4; (2;4)- Touka MUHUMYyMa

BBIHyK.HOCTB 1 BOTHYTOCTb

y’=( x3-3x?)= 3x%-6x v

y’=(y’)’=(3%%-6X)=6X-6 f(x)
y’=0, 6Xx-6=0 o 1 ~
x=1 f(X)

X=1 — Touka neperuda



y(1)=1-3=-2
(1;-2) - Touka meperunda

['paduk GyHKIMHM BBITYKIIBIN BBEPX.

6)JlomoaHUTEIbHBIC TOYKH

y(-2)=-20

y(-1)=-4 -1 1 2 3
y(2)=-4 ”
y(3)=0

Tema 5.3. UuTerpa
BBoanas ungopmanus

Onpeoenenue. Oyuxumst F(X), onpenmenennas nHa orpeske [a.b], maspiBaercs
nepeoobpaznoii dyaxin f(X) | 3amannoit Ha 3TOM *xe otpeske, ecmn FOI=TQ ymm
diR=Fd
Omneparusi HaXOXICHUS TepBooOpasHoi 3amaHHOoi (yHkmmu | (X)  HaseBaeTcs
uHmezpupoganuem 3Toil QyHKUIUN.

Onpeoenenue. MHOKeCTBO Bcex TmepBooOpasHeix (yHkimu | (X)  HaspBaeTcs

neonpeoenennvim unmezpanom ot yakumn | (X) u o6o3znavaercs

JTR>Fed<

rne F(X) - mo6as mepsoobpasznas dynkmmu f(X), C - mponsBonpHas mocTosHHAS.
3nak | waseiBaercs ummezpanom, dyuxmms | (X) - nodvinmezpanvhoii dynxyuei,

FO)AX - noovinmezpanvuovim svipasicenuem.

OTMeTUM OCHOBHBIE CBOWMCTBA HEOIPEACIEHHOIO HHTErpaa.

1) oIt —LA (;1nciinocTs HHTErpaa);



) S o
3) e (freaa=tasa<

TexHuka HHTCIPUPOBAHUA Q)YHKHI/II‘/JI OIINPACTCA Ha 3HAHUC MHTCTPAJIOB OT OCHOBHBIX

SJICMCHTAPHBIX q)YHKHI/IfI " 3HAHHUC MCTOJ0B NHTCTPUPOBAHUA.

Tabnuya unmezpanos om r1eMeHMAaAPHBLIX QYHKYUIL

2) .Fﬁjg—%;

X




) (S2E ]

18) fshd>cknc

19) jchds>skuic
20) frbdi=diakac;
21) _E:td@&\sk(

Memoowvt unmezpuposanus

1. HemocpencTBEHHOE MHTETPUPOBAHUE

OTO0T Ccnoco0  WHTETPUPOBAHMS  MpEAroNaraeT  Takoe  IMpeoOpa3oBaHHe
MOJBIHTETPANbHON  (DYHKIIMH, KOTOpOE TIO3BOJIMIO OBl HCIOJIB30BATh [UIS  PEIICHHUS

TaOJIMYHbIE UHTETPAITBI.

Mpumep: Beruncmure | R—3+simd>
Pemenue: JIysi BeIUMCIIEHUS] UHTETpajia CHa4Yajla BOCIIOJIb3yeMcsl 2 U 3 CBOMCTBaMH

HEONPEACIICHHOI0 MHTErpaa, a 3aTeM npuMeHuM 1 1 4 TabauvHble HHTErpasbl:




Pemenue: JIyig BbIUMCICHHSI MHTETpAIa CHAYaIa KaXXIbld YiIEH YUCIUTENS MOYICHHO

pa3feNiM Ha 3HAMEHATENb, 3aT€EM BOCHOJIB3YEMCS 2 U 3 CBOMCTBAMHU HEONPEIAECICHHOTO

WHTEerpajia u npuMeHuM | u 3 Tabau4HbIe HHTErpabl

2. MeToz 3aMeHBbI ITepeMeHHON (METO]T IOICTAHOBKH)

OH sBsieTcst OTHUM U3 Haubosiee 3(p(HEKTUBHBIX U PACHPOCTPAHEHHBIX PUEMOB UHTETPU-
POBaHMs1, MO3BOJSIIOIIMX BOMHOIHMX CIIy4yasX YIPOCTUTh BblUMCIEeHHE HHTerpayia. CyThb
3TOr0 METO/Ia COCTOMT B TOM, YTO ITyTE€M BBEJCHHS HOBOM MEPEMEHHON MHTETPUPOBAHUS
3aJ]aHHBII MHTETPaJl CBOJAWTICS K HOBOMY MWHTErpally, KOTOPBIM JIETKO BBIYHCIIIETCS

HETNOCPEACTBEHHBIM HHTETPUPOBAHUEM.

[locnennee paBeHCTBO  HA3bIBACTCA  PoOpMYynou  3ameHbl  NEPEMEHHOU B

HCONIPCACIICHHOM MHTCIpaJIC.

Mpumep: Boruncinre [(3x—4)dx

Pewienue: Brenem HOBYIO NIEPEMEHHYIO t = 3x-4, TOoraa

dt
FEASTF A orkyna = . [loACTaBUM HOBYIO IEPEMCHHYIO B HHTErpal

dt
(BMecTO BRIpaXKEeHHUs 3x-4 MOACTaBUM t, BMECTO 9% OJICTaBHM ).

=1 s
J’@sé”cbfé——lé

Jlanee HY»XHO BEpHYTbCS K IIEPBOHAYAIBHOW NEpeMeHHOM. [lmda 3Toro caemaem
oOpaTHy10 3ameHy (BMecTo t moacTaBum BbipaxkeHue 3x-4), MOJy4YUM OKOHYATEIbHBIN

OTBCT.

;@séj%%



«BbIluHC/IeHHe  ONpeeJIeHHOT0  HHTErpaja  MeTOAO0M  HeNoOCPeICTBEHHOr0
HHTETrPUPOBAHUSD).

Onpedenenue. Onpedenennvim unmezpanom ot Gpyakmmu Y= (X ma orpeske [a, b]

HA3BIBACTCS IIPEJe] HHTETPATIBHBIX CyMM S, IPH YCIOBHMH, YTO JUIMHA HAUOOJBILETO

YACTUYHOTO OTpe3Ka AX cTpeMUThbCS K HYIIIO.
b
OnpeieNIeHHbIi HTErpal 0003HAYAIOT BEIPAKEHHEM If(X)dX.
a

aunb — mpenenasl UHTETPUPOBAHUS
@ — BEpXHUU IIpEE

b - HIOKHUN npenen
Bbluncienue onpeaejieHHOr0 HHTerpaJa.

Teopema. Ins KycOUHO-HENPEPHIBHBIX (YHKIUN cripaBeuiuBa gpopmyna Heiomona-

Jleubnuua

b

froroFE

rne F(X) - mepsooGpasmas ¢ymxmum f(X) ma [a,b] B cmbicne pPacCIIMPEHHOTO

OIpE/ICIICHUSI.
IMopsinok BhIYKMCJIEHHS ONMPeIeJIeHHOT0 HHTEerpaJa:

Haiitn HeonpeeeHHbIM UHTETPAT OT JaHHON (YHKIIUU.

B nonydyenHyroo nepBooOpa3Hyl0 MOJCTaBUTh BMECTO apryMEHTa CHayajla BEpXHHM,
3aTeM HW)KHUW IPEes UHTerpala.

N3 pesynpraTa IOJCTAaHOBKHM BEPXHETO IIpElEia BBIYECTb PE3YJbTAT IOACTAHOBKHU

HIDKHETO TIpejiena.

[lepeunciarM HEKOTOPEIE CEOUCIMEA ONPedeleHHO20 UHm ezpand.



1. [foadxc

b b
2. J-f@?{fw (OmpeNeNeHHBI MHTErpal HE 3aBUCHT OT O00O3HAYEHUS
a a

NIEPEMEHHOM).

3. [Feis<frex

[Ipu BbIUKCIIEHUHN ONPEICICHHOTO MHTErpaia UCIOIb3YIOTCS T€ K€ METObI, YTO U JUIS
HEOMpEACTICHHOTO UHTETpaja ¢ HEOOJbIIUMHU U3MEHEHUSMH.
Memoo 3amenvt nepemeHHou.

Teopema. IlycTs:
1) f(X) onpenenena n HenpepsisHa Ha [, b];

2) x=9¢(t) onpeneneHa M HempepbIBHA BMeCTe C IIPOM3BOAHON Ha OTpE3Ke [, B8],

SO IFk y a=A) =D Torna
= e
=== %

Memoo unmezpuposanus no 4acmam

Teopema. Ecn T(X) u 9(X) umeror HenpepsIBHBIE NPOU3BOAHBIE HA [a, b], TO

| - ] | - ]
N = = - - =0 = _-]
L — = L — =
rie FSCEE-RCwID fEwg
IMpumep. Beruucaurs ONPEAECICHHBIN VHTErpai
2
_[ 2x°dx
1
Pewenue:

2 {217

2 {n
J-Exgcix:EJ-xchx:— 14
1 1 3

(31 2 D 2 D
APF=ZF-h=2E-n=27="=4=
@ =3@ -1 =2@-D=2T=—=43

(1) BeiHOCHM KOHCTaHTY 32 3HAaK MHTErpaia.



(2) UHuarerpupyem mo Tabiuie C  TOMOIIBID  CaMOW  TOMYJISPHOM

n+l 1
_I-x”ci’x: +C —
dbopmyBI #z+1  TlogBUBHIyIOCS KOHCTaHTY ° LEJIECOOOPA3HO OTHEIHUTH

3
oT * W BbIHeCTM 3a CkoOKy. (3) MHcmomedyem dopmyny Hprorona-

[ @dx= PO = P - Fla)

. 3 .
JleiiOHuna = . Chavanma noxcraBisieM B ¥ BEpXHUU
Ipenen, 3aTeM — HWKHHAW npenen. lIpoBoaum  nanbHENIIME BBIYUCICHUS U

IMoJJy4acMm OKOHYAaTEJIbHBIN OTBET.

Mpumep. Bpruucauts ONIPEAECICHHBIN VHTErpai

"j? xdx
szt 16

Kak IIPpaBUJIbBHO  IIPOBCCTHU  3aMCHY. CMOTpI/IM B Ta6HI/IHV HHTCTPAJIOB 1

IMPUKHUABIBACM, HAa YTO y HaAC OOJBIIIE BCEro ITOXO0Ka IOABIHTCIpaJIbHAA CI)YHKL[I/ISI?

x+m'x2+ﬂ‘+if

adx I

. I
OueBUIHO, YTO HA IIUHHBIN Jorapudm: ~ “x T4

"j? xdx :"j?—' xdx ¢
lxt 16 LA +16

3
3aMeHa; £=

*

et = Zxoly = xafx= %

Haxonnm HOBBIE penesbl HHTErPUPOBAHMUSL.

CMOTpUM Ha Hamry 3aMeHy £ = 'y CTapble NIPEICIbl MHTCTPUPOBAHUS & = 0 k=43 .
CHayana  mMOACTaBIsieM B  BBIPQKEHHE  3aMEHBI £ = ' HiKHUH npenaen
UHTETPUPOBAHUS, TO €CTh, HOJIb:

5=0%=0

ITorom IOICTaBIAEM B BBIpa)KCHHUE 3aMeHsbI £ = X' BEPXHUMU npenaen

UHTETPUPOBAHUS, TO €CTb, KOpPEHb u3 TpEX:

f=(/3)" =3


http://www.mathprofi.ru/tablica_integralov.pdf

(*fljm sl 76 2 Lo /25) 1 o V0=

=l|[]n 8_]1-14:1=l]n[§]=—293ﬂ,35
2 2 \4 2

(1) B cooTBeTCTBUM € 3aMEHOM 3alTMChIBAEM HOBBIM MHTETpasl C HOBBIMU MpeaeIaMu

UHTETPUPOBAHUSI.
(2) Oto mpocremuii TaOMWYHBIA HMHTErpall, HHTErpUPYEeM 1O TaOJuIe.

1
KoncTauTy 2 mydmre octaBuTh 3a CKOOkamu. CmpaBa OTYEPKHBAEM JIHHHUIO C

3
YKa3aHMEM  HOBBIX IIPCACIIOB  HWHTCIPHUPOBAHUS b 9TO IIOATOTOBKA  IJIA

npumeHeHus: Gopmyisl HeroToHa-JIelOHuma.

A
[ rixydn= = F(b)- Fla)

(3) Ucnonbzyem dhopmyny Hetotona-JIeitbnuna

3.HaxoxaeHnne mjiomaau KPpUBOJIUHEHHON Tpaneuuu.
[Tromans KpUBOJMHEHHOHN Tpareluy, OrpaHuYeHHON HenpepbhiBHOW KpuBoi y=f(x),
ABYMsI IPSIMBIME X=a ¥ X=D 1 OCBbIO a0CIMCC, BBIYUCIACTCS C IOMOIIBIO OMPEICIICHHOTO

MHTETpaja 1o Gpopmynam:

)= £10)= 5 =an

>

=
gt
T
=
. I -
o
o
v
- Yw

f—d
@ -
o=}

>

Y (7 — x-;'-'_" aABb |5
A L yix) o
Coh B o

A B “ . ' . y=f 5 5

=h
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fx=0=x=c

$=5.45, - Jriakee] 1o

==

f(x)=0=>x=c

S=5,+8, = ]f(x)dx+

s

Ipumep: Berucmure miomans GUIyphl, OMPaHUYEHHON JMHUSAMU =X 2%+ ocaMu
KOOPAMHAT U NIPSAMOU  X=2.

Pemienme: HOCTpOI/IM JaHHBIC JIMHHNHA

Y=0

v

-\I- - )
»

[}

>

%) 2 ~
HaiimeM Touku nepecedeHus rpaduka QyHKIMH ¢ ocblo Ox: V=X 20+

——2+3=C x=1 x,=-3



Ipumep. Bbruucauts miomans (GUIypsl, OrpaHUYEHHONM TpadukoM (QYHKIUH y= X
npsaMbeIMH X=-1 1 X=2 u ocpsro OX

Pemenue:
[TopsinoK BBIYUCIEHUS ONPEAEIEHHOTO NHTErpaa:
[TocTpouts rpaduk GpyHKIMU y=Xx2(apabona) x=-1,x=2

3amTpuxoBaTh MOJYyYEHHYIO (DUTYPY, OTPAaHUYECHHYIO STUMHU rpadukamu u ockio OX

[TpumenuTs hopMymy 71l BBIYMCIECHUSA II0MAIU OJTyYeHHOU (DUTypbI SZ_E fQd:

[Tpumenuts hopmyny HeroTona-JleiOnuna:
SIRICISES RO
2
1.
SER——
St €3~ .

_= 1
= 3

OtBeT: 3 KB. €.

¥

IIpumep. Berunciute mioniaas GUrypsl, orpaHndeHHon rpadpuxom GyHKIUM y=2X-3 u
npsAMbIMA X=3; x=-1 ocpr0 OX.

Pemenue:

[TocTpouTts rpaduk dpyHKIIMHM y=2X-3(3TO OyaeT TIpsimasi)

Henats pemenue kak B 3aganue Nel

[Tpumenum hopmyb:



SERSIREN SO, S=5.+5;

Haiinem nepeceuenust ¢ ocbro OX, ais 3TOro
y=0, A(1,5;0)
y=2X-3
2x-3=0
2X=3
x=1,5.
- = - = >
—& — —4
=4S GGG GO
s S
E F E . =F
= = =
—ESP ST EBES

S=5,25+2,25=7,5

OtBeTt: 7,5 kB.€1.

Ipumep. Beruucnuts miomans GUrypsl, OrpaHMYeHHOM rpadkoM QyHKIUM Y=X2 U J=X.
Pewenue:
1. IToctpouts rpaduk GpyHKIMK y=x*(napabona) u g=x(mpsmas)

2.Haiinem KOOpAMHATHI UX TOYCK MIEPECCUCHHMS JIJIST TOTO PEITUM CUCTEMY:
{y 2

y=X i
x2-x=0)

X (x-1)=0

x=0 u x=1




y1=0,y,=1:0(0;0), A(1,1). JlanHbIE TOYKU TOMOTAIOT TOCTPOUTH BEPHBIN IpaduK.

%ﬂ : S=S;+S;

1
OTBeT: (—3 (xeeq)

Pa3zaen 6. DJIEMEHTHBI KOMBUHATOPUKHU, TEOPUU BEPOATHOCTEN U
CTATUCTHUKH

Tema 6.10cHOBHBIC NOHATHA KOMOMHATOPUKH

KoMOuHaTopruka u3ydyaeT KOJIMYECTBA KOMOMHALMM, MOJYMHEHHBIX OMNPEEICHHBIM
YCIOBUSIM, KOTOPbIE MOKHO COCTaBUTh U3 AJIEMEHTOB, 0€3pa3InyHO KaKOW MPHUPOJIbI,
33JJaHHOTO  KOHEYHOr0 MHOXKecTBa. [IpM  HENOCPEICTBEHHOM  BBIYMCIICHUH
BEPOSITHOCTEM 4acTO HMCHOJB3YIOT (opmyiibl kKoMOuMHaTopuku. [IpuBenem Haumbonee

YIOTPEOUTENHHBIC U3 HUX.

HQpQCWlClHO@KaMM Ha3bIBAIOT KOM6HHaHI/II/I, COCTOAIMMUEC M3 OAHHUX M TCX XKC 1
PA3JIMYHBIX 3JICMCHTOB U OTIIMYAIOIIMUCCA TOJIBKO ITOPAAKOM HUX PACIIOJIIOKCHUS. Ywucio

BCCX BO3MOKHEIX IEPECTAHOBOK

rnen!=1*2*3..n.

3ameTum, 4yTO yJ1I00HO paccmaTpuBath 0!, mosaras, o onpejaenenuto, 0! = 1.



P asmeuierHuAiAmMu Ha3bIBarOT KOM6I/IHaHI/II/I, COCTABJICHHBIC M3 N PA3JIMYHBIX 3JICMCHTOB
o m J3JICMCHTOB, KOTOPLIC OTJINYArOTCsA 1100 CcOoCTaBOM JJICMCHTOB, b0 MX

MOpsAAKOM. UHCIO BCEX BO3MOKHBIX PAa3MEIICHUI
A"=n(n-1)(n-2)..(h-m+1).

Couemanusimu Ha3BIBAIOT KOM6I/IHaI_II/II/I, COCTAaBJICHHBIC M3 N PA3JIMYHBIX 3JICMCHTOB 110

m 3JICMCHTOB, KOTOPBIC OTIIMYAIOTCA XOTA OBl OJHUM JJICMECHTOM. Yucio coueTaHui
CM™=n/(m!(n-m)h.

IIpumep nepecranoBoK. CKOJIBKO TPEX3HAYHBIX YUCEJT MOKHO COCTaBUTH U3 udp 1,

2, 3, ecnu KaxkJas uudpa BXOAUT B U300pakeHHE Yncia TOJIbKO OJIUH pa3?
P e m e H u e. ickoMoe uncio Tpex3HaYHbIX YHCE
P;=31=1*2*3=6.

IIpumep pasmemeHuil. CKOJIBKO MOXHO COCTaBUTh CUTH&JIOB M3 6 (IakKoOB

Pa3IMYHOTO 1BETA, B3SITHIX MO 27
P e m1 e H u e. Uckomo€ 4nCIIO0 CUTHAIIOB
A% =6*5=30.

IIpumep coueranuii. CKOJbKUMHU CITIOCOOaMH MOYKHO BBIOpaTh JIBE JICTANI U3 SIIUKA,

coaepxkamiero 10 geranei?
Peuenue. Uckomoe 4uciio crioco0os
C 20=10!/ (2! 8!) = 45.

3ameuanue. Beilie mnpenmosaraaoch, 4TO BCE N AJIEMEHTOB pa3iudHbl. Eciu ke
HEKOTOPBIE JIEMEHTHI MIOBTOPSIOTCSA, TO B 3TOM CJIydae KOMOWHAIIUM C IOBTOPEHUSIMU

BBIYHCIIAIOT 1O ApyruM ¢opmynaMm. Hampumep, ecnu cpenmyd n 3JI€MEHTOB €CTh Nj



9JICMCHTOB OQHOI'0 BHJid, N2 3JICMCHTOB APYyroro Buia v T.4., TO 4Y1UCJIO IICPECTAHOBOK C

IIOBTOPCHUAMU

Pn(ng, Ny, ..)=nt/ (N not L),

raeny + N+ ... =nN.

[Ipu permeHuu 3a1a4 KOMOMHATOPUKHU UCTIONB3YIOT CIEAYIOIINE TTpaBUia;

IIpaBuio cymmbl. Ecir HEKOTOPBIN 00BEKT A MOXKET OBITH BRIOpAH U3 COBOKYITHOCTH
00BEKTOB M crocobamu, a Jpyroii 00beKkT B MokeT ObITh BBIOpaH n criocobamu, TO

BBIOpaTh 100 A, 1100 B M0okHO m + n criocobamu.

IIpaBwio mnpousBeneHusi. Eciu 00bEKT A MOXHO BbIOpaTh M3 COBOKYIHOCTH
00BEKTOB M CIIOCOOAMHU U MOCIIE KaXk/I0I0 TAKOTO BbIOOpa 00BEKT B MOKHO BBIOpATh n
crocobamu, To rnapa 00beKkToB (A, B) B yKa3aHHOM MOPSAKE MOKET ObITh BEIOpaHa mn

CII0co0aMHU.

Tema 6.2 JjieMeHTHI TEOPUHU BEPOATHOCTEM
BepostaHocteto P(A) coObiTHSE A B HCHOBITAHHMM C PABHOBO3MOXXHBIMHU
DJIEMCHTAPHBIMH ~ MCXOJaMH  HA3bIBAIOT  OTHOIICHHWE  YHCIa  HCXOJ0B M

9

OJIaronpUATCTBYIOMIUX COOBITHIO A, K YHUCITY N BCEX UCXO/0B UCTIHITAHUS.
m
P(A) =—
n
Ipumep: B maptuu u3z 30 mukcepoB 2 OpakoBaHHBIX. HailiTu BeposITHOCTH
KYIIUTh UCITPABHBIA MUKCED.

n=30,m=30-2=28

28 14
30 15

AKCHOMBI BEPOSITHOCTEN:
Kaxxnomy coOBITHIO A TMOCTaBJICHO B COOTBETCTBUE HEOTPHUIATEIBHOE YHCIIO

P(A), Ha3pIBaeMO€ BEpOSTHOCTBIO COOBITHS A.



Ecmn COOBITHSA A4, Ar e IIOIIAPHO HECOBMECTHBI, TO

P(A1+Azt...)=P(A1)+P(A2)+...
CBolicTBa BEPOSITHOCTEM:

BeposTHOCTh HEBO3MOKHOTO COOBITHA paBHa HyIt0 P=0.

BeposiTHOCTh 10CTOBEpHOTO COOBITHS paBHA eauHULEe P=1.

BeposATHOCTh MPOU3BOIBHOIO CIy4allHOTO COOBITHS A 3akitodyaeTcs Mexay 0 u
1: 0<P(A)<I.

Ipumep: N3 34 sx3amMeHalIMOHHBIX OWJIETOB, MPOHYMEPOBAHHBIX C MOMOIIIBIO
yucen or 1 no 34, Haypmauyy wu3Biekaercsa oAuH. KakoBa BEpOSATHOCTb, YTO HOMEpP
BBITSIHYTOTO OMJIETa €CTh YUCIIO0, KPATHOE TPEM.

Pewenue: Haitnem xonmruectBO unicen ot 1 1o 34, KpaTHbIX TpeM. ITO 4ucia 3,

6,9, 12, 15, 18, 21, 24, 27, 30, 33. Bcero takux uucen 11. Takum obGpa3zom, uckomas

11

BEPOSATHOCTH P = 3

CoOpiTust A 1 B Ha3pIBaloTCd COBMECTHBIMH, €CJIM OHU MOTYT OJHOBPEMEHHO
IPOU30MTH, U HECOBMECTHBIMHU, €CJIM NMPHU OCYIIECTBIEHUN OJTHOTO COOBITHUS HE MOXKET
MIPOU30UTHU JPYTOE.

CoOpiTust A 1 B Ha3pIBaloTCA HE3aBUCUMBIMH, €CJIM BEPOSITHOCTh HACTYIUJICHUS
OJTHOTO COOBITHS HE 3aBUCHUT OT TOTO, IPOU30IILIO APYTrOe COOBITHE WU HET.

BeposTHOCTh CyMMBI JBYX COBMECTHBIX COOBITHII paBHa CyMME BEpPOSITHOCTEU
ciaraeMbix 0e3 BepositHocTH npousBeaenus: P(A+B)=P(A)+P(B)-P(AB)

Ipumep: BepostHocTh mopaxkenuss oxHou muimenu — 0,7, a apyrou — 0,8.
KakoBa BeposTHOCTh, YTO OyAET MOpa’keHa XOTsA Obl OJHAa MHUIIEHb, €CIU [0 HUM

CTPEJIAIOT HE3aBHCHMO JPYT OT APYra.
Pewenue: T.K. COOBITHSI COBMECTHBI, T0 IFSPG I RS IR h i

BeposTHOCTH CYMMBI IByX HECOBMECTHBIX COOBITHUI paBHA CyMME BEPOSITHOCTEH
cnaraeMbix: P(A+B)=P(A)+P(B).
P(A)+P(4)=1



VYcnoBHas BEpOATHOCTb — BEPOSITHOCTh OAHOTO COOBITHS, MPHU YCIOBUHU, UTO
JPYyroe coObITHE YK€ MPOU30LLIO.

BepositHocTh  mpou3BeneHuss coOblTUE A B paBHa mpou3BeneHHIO
BEPOATHOCTH OJHOTO U3 HUX Ha YCIOBHYIO BepOsTHOCTH Apyroro: P(AB)=P(A)-P(A/B)
umu P(BA)=P(A)-P(B/A)

BeposiTHOCT mpou3BeNEHUS JBYX HE3aBUCHUMBIX cOoObITUH A u B paBHa
MPOU3BEACHUIO BeposaTHOCTEN comHoxuTeneit: P(AB)=P(A)-P(B).

Ipumep: B aByx kopoOkax JiexkaT pydkd pa3Horo 1sera. B nmepBoit kopodke — 4
KpacHbIX M 6 YepHbIX, BO BTOPOW — 3 KpacHbIX, 5 cMHHMX M 2 4YepHbIX. M3 o0eux

KOpPOOOK BBIHUMAIOT 110 OJJHOM py4Ku. HaliTu BEpOSITHOCTD, YTO 00€ pyYKH KpacHBIE.

Pewenue: HaiineM BEpOSTHOCTH BBITAIIUTH KPACHYIO PYUKYy U3 KaXIOU

KOpPOOKH
o= 10
m,o= |

|
b 1_0
1, = 10
m, =3

}
T

4=

Toraa BEpOSITHOCTh TOTO, UTO 00€ PYyYKU KpaCHBIE: I@’I%E’?ifﬁg

llonnas eepossimuocms. @opmyna baiieca

Eciu coObiTie A MOXET NPOU30MTH TOJIBKO TMPHU BBINOJHEHUH OJHOIO U3
coowiTuit Hi, Ho, ..., KOTOpBIE 00pa3yIoT MOJIHYIO TPYMIy HECOBMECTHBIX COOBITUH, TO

BEPOSTHOCTh COOBITHSI A BBIUUCISACTCS MO (popmyIie

Ota hopmyna Ha3pIBaeTCs POPMYIION OTHOM BEPOSATHOCTH.

Ecnu BBIMONHSIIOTCS BCE YCJIOBHS, MMEIOIIME MECTO i (HOPMYJibl MOJHOU

BepositHOCTH, 1 P(AY #0 | 10 BRIMONMHAETCS paBeHCTBO, Ha3bIBaeMoe (opmyioii baiieca:



16 ASERA
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Ipumep: B neppoii maptuu 20 namm, Bo BTopoi — 30 jgamm u B TpeTheir — 50
Jamm. BeposiTHocTH TOro, 4to mMpopaboTaeT 3alaHHOE BpeMs, paBHA i TMEPBOM
naptuu 0,7, niist BTopoi — 0,8 1 i1 tpetbent naptun — 0,9. KakoBa BEpoSITHOCTH TOTO,
YTO HayJady B3sATas Jiamra npopaboTaeT 3amanHoe BpeMs? HailiTu BeposSTHOCTBH, UTO

3Ta JIaMI1a PUHAIJIEKUT NEPBOM mapTun?

Pewenue: Tlycte coObiTHEe A — HayJauy B3siTas jamIia MpopadoTaeT 3aJaHHOe

BpEMSI.

Torma, myctes Hy — mammna u3 nepsoit naprtuu, Hy — namna u3 BTOpoul napTuu u
Hz — namna u3 tperbeil maptuu. Toraa cobeitue A/Hi — nmamna U3 nepBoid mapTuu
npopaboTaer 3amaHHoe Bpems, A/Hp; — namma u3 BTOpol mnaptuu mpopadoTaet
3agaHHoe BpeMs U A/Hs — nmammna w3 TpeTheil mapTuu nmpopaboTaeT 3aJaHHOE BpeMsl.
Haiinem BeposiTHOCTH

N=20+30+50=100

pH)== —Q2

pd-L) =03

3 §|\|8§

pH)=—=05

PA(H)=0,7

PAH)=08

pA(H)=09

U =R(H) - P H)+p(H) - PO HY) +o(HL) - A H) =
=02-07+03-0,8+0,5-09=014+0,24+0,45=0,83

g

Teneps, ucnonbizys popmyny baiieca HaliieM BEpOSTHOCTh TOTO, UTO 3Ta jJamIa

MIPUHAJIEKUT IEPBOM NTAPTUU

st

S GO

@opmyna bepnynnu



1) BeposiTHOCTB TOTO, UTO COOBITHE A HACTYIHUT POBHO M pa3 mpU NPOBEACHUU

N HE3aBUCUMBIX I/ICHBITaHI/II;'I, KEI)KI[BIFI N3 KOTOPBIX UMCCT POBHO JIBa HUCXOAad

BEIIUCIIsieTcs T popmyie beprymmn AR IS ¥ i—")

IIpumep: BeposTHOCTH BRIMIPHIIIA IO OJTHOMY JIOTEpeitHOMY Omiety paBHa 0,2.

HaiiTi BeposTHOCTB, 4TO U3 6 MPUOOPETECHHBIX OMIIETOB 2 OKAXKYTCS BRIUTPHIITHBIMHU.

Pewenue:

& S =d
| = =1

g = =

O<ras gGTTacy
m

2) BeposiTHOCTh HaCTyIIIEHUST COOBITUSL A XOTs ObI OJTMH pa3 MPHU MPOBEICHUU N

HC3aBHUCHUMBIX HCHBITaHHﬁ, YAOBJICTBOPAIOINUX CXCMC BGpHYJIJII/I, paBHa

S @S S=2= ==

IIpumep: Ilpubop cOCTOUT U3 LIECTH IEMEHTOB, PabOTAIOIIMX HE3aBUCUMO
apyr oT Japyra. BepostHocTe 0e30TkazHOW pabOThl KaXIOro d3JEMEHTa 3a
onpeneneHHoe Bpemsi paBHa 0,6. [[ns Oe30TkazHOM paboOTHI mpubopa HEOOXOIUMO,

4TOOBI XOTs OBl OJMH 3JEMEHT ObUT HcTpaBeH. KakoBa BEpOSTHOCTH, UTO 32 JAHHOE

BpeMs Ipuodop OyaeT paboTtarh 0€30TKa3HO?

Pewenue:

P=0O6—g-04
=6
=L

ROrED=1Qf ~QIFE

3) BeposiTHOCTh HaCTyIIEHUsI COOBITUSL A XOTsI ObI OJIMH pa3 MPHU NPOBEACHUU N
HE3aBUCUMBIX HCIBITAHUM, YIOBJIETBOPAIOIIMX CXeMe bepHyiuIn, HacTyIUT

HE MeHee My u He Oojiee My pa3 BeUUCIACTCS 10 (dopMmyIie

o = o

LE N

ﬂl/lCern’IHa}Z C]ZyllCZMVHCl}Z geludYuHa U ee 4uciosovle xapadkmepucmuKku



Cnyuaitnas BenmuunHa X — 310 yncinopas ¢pynkmus X=T (), ONpE/ICJICHHAs Ha
MPOCTPAHCTBE AJEMEHTAPHBIX COObITUH. CiydailHble BETUYMHBI, UMEIOIIUE CUETHHIC
MHOJKECTBAa BO3MOKHBIX 3HAYECHUW, HA3bIBAKOTCA JUCKPETHBIMHU. JluckpeTHas
ClIy4yaliHasT BEJIMYMHA OIpPENECIEHA, €CIM M3BECTHBl BCE €€ 3HAUYCHUs U
COOTBETCTBYIOIIME MM  BEpOATHOCTU. COOTHOLIEHHE MEXAY BO3MOXHBIMHU
3HAQUEHUSIMH CJIy4YallHOW BEJIMYMHBI WU COOTBETCTBYIOIIMMHU WM BEPOATHOCTIMU
HA3bIBAIOT PACIIPEICICHUEM BEPOSITHOCTEU CIyYaWHOW BEJIMYMHBL. JIJIsi TUCKPETHOU

CJ'Iy‘—IElfIHOfI BEJIMYMHBLI 3TO COOTBETCTBHME MOKET OBITH 3allMCaHO B BUAC Ta6J'II/II_IBIZ

2.p=1
i=1

Pi P1 P2 Pn

MaremaTU4ecKuM OXKHJaHUEM (CpeaHUM 3HAYEHUEM) TUCKPETHOM CiyyalHOU

BEJIMUYMHBI X Ha3bIBaIOT CYMMY HpOI/ISBeILGHI/Iﬁ BCEX €€ BO3MOJXKHBIX 3HAUCHMH Ha

COOTBETCTBYIOMIHE UM BepositHocTn MOI=DXR
=

Jlucriepcreil TUCKPETHOM CIIyYalHOW BENMYMHBI X HA3BIBAIOT MAaTEMaTHYECKOE

OKHAAHUC KBaJpaTa OTKIOHCHMHA CHy‘I&ﬁHOﬁ BCJIMYHNHBI OT €€ MAaTCMaTH4YCCKOI'O

oxunanns [COFPNEG<PNEBY. Jlucriepcrss JUCKPETHON CIydailHOM BEJIMYHHEI

BBIYHUCIIsIETCS 110 (popMynam:
m
LOX—6L V)%
=
CpelHUM KBaJIpaTUYHBIM OTKJIOHEHUEM JUCKPETHOW CIy4YallHOW BEJIIMYMHBI

Ha3LIBAIOT KOPEHb KBAAPATHBIN u3 qucnepceun 3=/ L3,

Ecnu cnyuaitnas BenmumHa X uMeeT OMHOMHUANIBHOE paclpejiesieHue

BEPOSITHOCTEN, TO



NG D LOXT

Ilpumep : CnyyaiiHas BenuumHa X 3aJaHa TaOdMIEH pacnpeaeaeHus
BeposiTHocTer. Haittu M(X), D(X), o(X).

Xi 2 5 8 9

pi 0,1 0,4 0,3 0,2

Pewenue:

IIpumep: Haiitn MaTeMaTH4yecKkoe OXKUAAHUE U AUCIEPCHUIO YUCIIA JOTEPEHHBIX
OWJIETOB, Ha KOTOpBIE BBIMAIYT BBIMIPBINIK, €ciu npuodbpereno 100 Ouneros, a

BEPOSITHOCTh BBIMTPHIIIA HA KaxAblid Ouiet paBHa 0,05.

Pewenue:

NI OOE-5
O IACOOECES- 5

I O~ FHB=E

Tema 6.3. IlpeacraBiieHue JaHHBIX (TA0JMIbI, AMATPAMMBI, IPAPUKH)

Mamemamuueckoti cmamucmuxkoli HA3BIBAIOT pa3jiell MaTEMaTHKH, ITOCBSIICHHBIN
MaTeMaTHYECKMM  METOoJaM  CHCTeMaTH3aluu, OoO0padOTKM U HUCIIOJIb30BaHUS
CMamucmuyeckux OaHHbIX I HAyYHBIX U MPAKTUYECKUX BBIBOJOB. CTaTHCTHUYCCKHEC
JMaHHBIE 3[1€Ch IIOHUMAIOTCS KaK CBEACHHUS O YKCJIE 00BEKTOB B KaKOH-IM00 OoJsiee uin

MEHee OOIITUPHON COBOKYITHOCTH, 00JIaIAl0IINX TEMHU UM UHBIMU MIPU3HAKAMMU.

33[{3‘1“ MATEMATHYECKON CTATHCTHKH



VYcTaHOBIEHUE 3aKOHOMEPHOCTEH, KOTOPHIM IOJYMHEHBI MAacCOBBIE CIy4YalHBbIE
SBJICHHSI, OCHOBAHO Ha U3YYEHUH METOJIaMU TEOPHH BEPOATHOCTEN CHIAMUCIMUYECKUX
OAHHBIX - PE3YIBTATOB HAOIIOICHU.

Cmamucmuueckue 0anHble TPENCTABIAIOT COOOM TaHHbIE, IOJYYEHHBIE B PE3YJIHTATE
oOcnenoBaHuss  OOJIBIIOTO YHUCIa OOBEKTOB WM  SBJICHUH; CIIEOBATEIBHO,

MaTCMaTHYCCKasd CTaTUCTHKA UMCCT JCJI0 C MaCCOBBIMU ABJICHUAMU.
FeHepaﬂbHaﬂ ) | BblﬁOpO‘lHaﬂ COBOKYIIHOCTHb CTATUCTUYCCKUX JAHHBIX

[Iycth TpeOyercsi HM3y4yUTh COBOKYINHOCTb OJHOPOAHBIX OOBEKTOB OTHOCHUTEIBHO
HEKOTOPOT'O KAYeCMEEHHO20 W KOJUYECMECHHO20 TIPU3HAKA, XAPAKTEPU3YIOILETO

3TH OOBEKTHI.

Kauecmeennvimu npusHakamMu OOBEKT oOnamaer auO0 He oOnamaetr. OHU He
MO/ITAF0TCS HETOCPEICTBEHHOMY U3MEPCHHUIO (Hammpumep, CIIOPTUBHAS
Crieluaau3aus, KBaJTU(UKALIHS, HAIIMOHAJIBHOCTb, TeppUTOpUATIbHAS

NPUHAJIEKHOCTH U T. 11.).

Konuuecmeennwvie IPHU3HAKHW TIPCACTABIIAIOT cobom pPE3YJIbTAThl IIOACUHCTA WIH

HU3MCPCHHA. B cooTBeTCTBUM C ATUM OHU ACIEATCA Ha JUCKPCTHBIC U HCIIPCPBIBHBIC.

WHorna mnpoBOAUTHCS chaoutnoe oOciefoBaHUe, T.e. OOCIHEAYIOT KaxKIblidl U3
OOBEKTOB COBOKYIHOCTHM OTHOCHUTEIBHO IpHU3HAKa, KOTOPbIM HHTepecyroTcs. Ha
IIPaKTUKE CIUIONIHOE O0CIIeIOBaHUE MPUMEHSIOT CPaBHUTENBbHO peako. Hampuwmep,
€ClId COBOKYITHOCTb COJEPKUT OYEHb OOJBIIOE YHMCIO OOBEKTOB, TO IPOBECTU
CIuiolmIHoe oOcnefaoBaHue (U3UYECKM HEBO3MOXXKHO. B Takux ciydasx ciydaitHo
OTOMpAIOT U3 BCEM COBOKYIMHOCTH OIPAaHUYEHHOE YHUCIO OOBEKTOB W MOABEPraroT UX

U3y4YeHU10. Pa3nuuaior cenepanvuyro u 66100pouHy0 COBOKYITHOCTH.

Buvioopounoit coeoxynnocmoto (6b100pKoii) HA3BIBAIOT COBOKYIMHOCTh CIIy4alHO

OTOOpaHHBIX OOBEKTOB.



TI'enepanvhoii (0cH08HOI) COBOKYNHOCHIbIO HA3BIBAIOT COBOKYITHOCTh, OOBEKTOB W3

KOTOPLIX IIPOU3BOJHUTCA BI)I60pKa.

Ob6vemom coeokynhocmu (BHIOODOYHOM WIJIM TEHEPAIbHON) HA3BIBAIOT YHCIIO
00beKTOB 3TOM coBokynmHOocTH. Hampumep, ecau u3 1000 neraneit orobpano s
oocnenoanus 100 geraneit, To 06bem renepanbHoit coBokynHoctd N = 1000, a 06bem
BeIOOpKKH N =100. Yuciao oOBEKTOB TeHEpabHOM COBOKYMHOCTH N 3HAYUTENIBHO

IPEBOCXOAUT 00BEM BBIOOPKH N .
Cnoco0b1 BBIOOPKH

Iloémophoi Ha3bIBAIOT BEIOOPKY, IPU KOTOPO OTOOpaHHBIM 0OBEKT (Tepen 0TOOpoM

CHGI[YI'OIHGFO) BO3BpaiaCTCA B I'CHCPAJIbBHYIO COBOKYITHOCTD.

becnoemopnoit Ha3bIBalOT BBHIOOPKY, TMPU KOTOpPOM OTOOpaHHBI OOBEKT B

TCHECPAJIIbHYIO COBOKYITHOCTH HEC BO3BpPAIIACTCA.

Jlj1s TOro 4yToOBI O JAHHBIM BBIOOPKU MOXKHO OBLIO JIOCTATOYHO YBEPEHHO CYIUThH 00
MHTEPECYIOIIEM MPU3HAKE ITeHEPATbHONW COBOKYITHOCTH, HEOOXOJUMO, YTOOBI OOBEKTHI
BBIOOPKHU MPAaBUIIBLHO €T0 MPEACTaBISIN (BHIOOPKA JOKHA MPAaBUIIBHO MPEICTABIATH
NpPONOPLMM  TEHEpPaJIbHOM  COBOKYNMHOCTH) -  BBIOOpKAa  JOJKHA  OBITh

penpe3enmamuenoll (npeocmasumebHoll).
BriOopka OyaeT penpezenmamugHnoil, eciu:

e KaXIbIli OOBEKT BIOOPKH 0mMOOpan ciy4aiHo U3 reHepaibHOU COBOKYITHOCTH;

¢ BCE O0BEKTHI UMEIOT 0OUHAKOBYIO 6€POANHOCHb TIONIACTH B BHIOOPKY.
Cnoco0bl rPyNNMPOBKU CTATHCTHYECKHUX JAHHBIX

OOBIYHO TOJIyYeHHBIE HAOIIOJaeMble JTaHHBIC TPEACTABISIOT COOOM MHOXKECTBO
PacIooKeHHBIX B Oecniopsiike uncel. [IpocmaTpuBasi 3T0 MHOXKECTBO YUCEN, TPYAHO

BBISIBUTH KaKyIO-TM00 3aKOHOMEPHOCTh UX BapbUpOBaHUs (M3MEHEHUS). J{71s1 u3ydeHus



3aKOHOMEPHOCTEW BAPbUPOBAHMS 3HAUYCHUMN CIIyYallHOM BEJIWYWHBI OINBITHBIE JAHHBIC

nojBeprarT 00padboTKe.
JIMCKpeTHbI BAPUALMOHHBIN PSAJ

Ipumep 1. IlpoBogmmmche HaOmOAEHUS HaA 4YUCIOM X OIEHOK IMOJYYCHHBIX
crynentaMu BY3a Ha sk3amenax. HaOmioneHnus B TeueHue yaca Jalid CIEIYIOIIHNE
pesynbTathl: 3;4; 3;5;4;2;2;4;4;3;5;2;,4;5;4;3;4;3;3;4;4;2;2; 5,5, 4; 5; 2; 3;
4:4;3;4;5;,2;5,5;4,3;3;,4;2;4,4,5;4;,3,5;,3;5;,4,4;,5,4,4;5;,4;5;5; 5. 3nech
yucno X SBISAETCS NUCKPETHOM CIy4allHOM BEJIWYMHOM, a IIOJYyYEHHBIE O HEW

CBEJICHUS TIPENICTABIIAIOT CO00M cmamucmuueckue (Hadawoaemole) OaHHble.

PacronoxuB npuBeAEHHBIE BBIIIE JAHHBIE B TOPSAJKE HEYObI6AHUA W CZPYNRUDPOGAS
WX TaK, 4YTO B KaXJOW OTJEIHHOM TpyIIle 3HAYCHUS CIy4ailHOW BETUYHHBI OYIyT

OJMHAKOBBLI, ITI0JIY4ar0T pauofcupoeanubzﬁ p;u) JaHHBIX Ha6J'II-OIIGHI/IH.

B mpumepe 1 mmeem dYeTbIpe rpynmnbl CO CIEAYIOUIMMH 3HAYEHUAMH CIIy4alHOU
BEJIMYMHBL: 2; 3; 4; 5. 3HaueHHUE CIIy4allHOW BEJIMYMHBI, COOTBETCTBYIOIIEE OTACILHOU
IpYyIe CTPYyNIUPOBAHHOIO psijia HAOJIOJAEMbIX JAHHBIX, HA3bIBAIOT GAPUAHMIOM, A

HN3MCHCHHUC 3TOI'O 3HAYCHUA 6aPbUPOBAHUEM.

Bapuantel  0003HayaroT  MalbIMM  OyKBaMU  JIaTUHCKOro  andaBuTa  C
COOTBETCTBYIOIIMMH IOPSAKOBOMY HOMEpPY IPYIIIBI MHAECKCAMU - Xi. Hucio, koTopoe
MOKAa3bIBAE€T, CKOJBKO pa3 BCTPEYAETCS COOTBETCTBYIOLIMN BapuUaHT B psje

HaAOJIIOICHUI HA3bIBAIOT ¥ACMOM O BapyuaHTa U 0003HAYAIOT COOTBETCTBEHHO - Ni.

2.m=n

BapuaHTa K 00beMy BBIOOPKH Ni / N = Wj Ha3bIBAIOT OMHOCUM ENbHOIL YACHOMOIL.

CyMMma Bcex 4acToT psaa - o0beM BbIOOpPKU. OTHOIIIEHUE YACTOTHI

Cmamucmuueckum pacnpeoejlieHuemM 6bl00pKU HA3BIBAIOT TIEPEUCHb BAPUAHTOB U

COOTBCTCTBYIOIIUX UM HACTOT WUJIM OTHOCHUTCIIbHBIX YaCTOT



I[JISI HarigaHOCTHU CTPOAT pa3JIMYHbIC Fpa(I)I/IKI/I CTaTUCTHUYCCKOI'O PaCIIpCaACICHUA.

Ipumep 1.1. Nmerorcsa paHHBIE O KOJWMYECTBE MACXKYPCTB COTPYAHUKAMU
kadeapsl 3a mecsi. [Ipoussenena Beioopka oo6bemom N = 15:

30574319534428H:5.

CocTaBUTh CTaTUCTUYECKMH BapHALMOHHBIA psJ  paclpenesieHus 4YacToT

(aOCOIOTHBIX U OTHOCUTEBHBIX ).

Pewenue

1. Pacnoniosxuth 3HaYeHMs BBIOOPKU B BO3PACTAIOIIEM MOPSIKE:

01233344455578209.

HmeeM 1€BATH pa3IUuHbIX 3HAUYEHU.

2. HaiiTu abcotoTHBIE YaCTOThI MOSBIECHUS KaX/10I0 3HAYEHUsI BBIOOPKU:

n=1n=1Ln=1nnu=3n=3n=3Nn=1n=1n =1

IIpoBepuTh NepBoOE yCI0BUE HOPMUPOBKH:

1 =Eglrz!. =1+1+1+3+3+3+1+1+1=13

1=l

3. BblUMCIUTh OTHOCUTENBHBIE YACTOThl TOSBJIEHUS KaXKIOrO 3HAYEHUs
BBEIOOPKH 110 hopmyite Pi” = N; / n;

p:" = 1/15, p," = 1/15, ps" = 1/15, p," = 3/15, ps” = 3/15, ps" = 3/15, p;” = 1/15,
ps = 1/15, py” = 1/15.

[IpoBepuTh BTOpOE yCIOBUE HOPMHUPOBKU:

1 1 1 3 3 3 1 1 1

Q
*= e — ——+ —+ —+—+—+—=1
£ Z:P, 1 15 15 15 15 15 13 15 1A _
4. BHecTu noJTydeHHBIC JaHHBIC B TAOJIHILY:
3HAUYECHUE 0 1 2 3 4 5 7 8 9
BapUaAHTHI
a0coTr0OTHASA

qgacToTa N;j




OTHOCHUTEJIbHAs
. 1/15| 1/15| 1/15| 3/15| 3/15| 3/15| 1/15| 1/15| 1/15
gacToTa i

3ajaya penieHa.

I[J'DI reoOMETPUICCKOTO I/I306pa)KeHI/IH TaKOro CTaTUCTHYCCKOI0 pacCipCaciICHuA

CILY>KMUT noauzon uacmom (puc. 1.1) uiu noaueon omuocumensusix uacmom.

Ilonuzonom wacmom Ha3BIBAIOT JOMAHYIO JUHWIO, OMPE3KU, KOMOPOLU
coeodunsiiom mouxu (X1;N1), (X2;N2), ..., (Xk;Nk). st mocTpoeHus moMroHa 4acToT Ha
ocHu abCITUCC OTKJIaIBIBAIOT BAPHAHTHI Xj, @ HA OCH OPJHUHAT — COOTBETCTBYIOIIHE MM
94acTOTHI Nj.

Ilonuzonom omuocumenbHblx 4acnmom HA3BIBAIOT JOMAHYIO JUHUIO, OMPE3KU
xomopoii coedunsiiom mouku (X1, P1), (X2; P2), ... , (X P«). g mocrpoeHus
HOJIMTOHA YaCTOT Ha OCH aOCIIMCC OTKJIaBIBAIOT BAPHAHTHI Xi, @ HA OCH OPJIUHAT —

COOTBCTCTBYIOIIMC UM OTHOCHUTCIIbHBIC YadCTOThI pi*.

CraTucTuueckoe pacinpcacicHuc MOKHO 3aJaTb TAaK¥KC B BHUJC
nocne008amelbHoCmu unmepeasoe 1 COOTBCTCTBYIOIINX MM 4YaCTOT. CraTucTUUeCKui
pAd B TAKOM CJIYYAC HA3BIBACTCA UHMEPBAIbHbIM CMAMUCMUUECKUM p}wom. HJ'ISI
reoMCTpHUICCKOIO I/I306pa)KeHI/IH TAKOI0 CTATUCTHYCCKOIO PaACIIPCACICHUA CIIYKUT

eucmoepamma (puc. 1.2).
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Puc. 1.1. Ilonuron gactor Puc. 1.2. I'ucrorpamma ¢ paBHBIMH
WHTEpBAJIaMU

T'ucmozpammoni 4acToT Ha3bIBaeTCs CTyneHuyatas Qurypa, OCHOBaHHEM
I-T0 TPSIMOYTOJIbHUKA KOTOPOH SIBIISIOTCS YAaCTUYHBIC MHTEPBAIBI JJIMHOIO Aj, U
BbICOTOH N; /A;. IT0111a16 OJTHOTO TIPSMOYTOJIBHAKA PaBHA N;.

JIns TOCTPOEHMsS TUCTOTPaMMbl YacTOT Ha OCH aOCHMCC OTKJIaJbIBAIOT
YaCTUYHBIE WHTEPBAJbI, a HAJ HUMH MPOBOJAT OTPE3KH, NapajuielIbHbIE OCHU
adcuuce Ha pacCcTosSHUHU N;/A;.

B npakTtuke s ynoO6CTBa BHIYUCICHUN OOBIYHO MCIOJIB3YIOT PSJIbI C PABHBIMU
uHTepBasiamu (A).

T'ucmozpammoii omnocumenvnvix uacmom Ha3bIBAIOT CTYNEHYATYIO (QUrypy,
COCTOSIIIYIO W3 TPSAMOYTOJIBLHUKOB, OCHOBAHMSIMHU KOTOPBIX CIIY»aT YaCTUYHbBIC

MHTEPBAJIbI JJIMHOKO Aj, a BEICOTBI PABHBI OTHOIIEHUIO Pi / Aj.



Ipumep 1.2. IlocTpouTh MOJUTOH YACTOT CTATUCTUYECKOTO BapPUAIMOHHOIO
psiaa, cocTaBiIeHHOro B mpumepe 1.1.

Pewenue

1. OtmeTuTh Ha mOcKocTU Touku ¢ koopauHatamu (0;1), (1;1), (2;2), (3;3),
(4:3), (5:3), (7;1), (8;1), (9;1).

2. HOCTpOHTB JIOMAHYI0, COCOIUHNB TOYKHU OTPC3KAMMU.

n 4
1
X
0 1 2 3 4 5 6 7 8 9 10

J1J1 TOCTpOEHMSI UHTEPBAILHOTO PsiJia HEOOXOMMO BBITIONHUTH CIEAYIOIIEE.

1. Omnpenenuth 00bEM BBIOOPKH N, MAKCUMAJIBHOE Xmax 1 MUHHUMAIBHOE Xmin
3HAYEHUS DJIEMEHTOB BHIOOPKHU.

2. OnpenenuTs pazMax BIOOPKH R, R = Xmax — Xmin.

3. OnpenenuTth KOJIMYECTBO HHTEPBAIOB K 110 0JTHOM U3 hopMyI:

k=1+3,32-1g(n)=1+ 1,41 - In(n).

Oxpyrienne IpoOHBIX YKCEeN 10 HENIOr0 MPOBOAUTCS MO MPaBUIIaM OKPYTJICHUS.
Uucno WHTEpBAJIOB JOJDKHO OBITH TaKWM, 4YTOOBI TaOjWIla HE ObLIa CIMIIKOM
IPOMO3JIKOM, a C APYrod CTOPOHBI, 4TOOBI B HEM HE HMCKA3WINCh OCOOCHHOCTU
u3ydaeMoro rmnpu3Haka. Kak mpaBuio, ONTHUMAambHOE KOJIWYECTBO HMHTEPBAIOB
cocrasisieT 5-10.

4. Omnpenenuth onTuMalIbHYO JunHY h maTepBana: h = R/ (k- 1).

5. OmnpenenuTh TpaHUIBl pa3psaoB. [as »Toro cHavama omnpeaensieM
HaYaJdbHYIO TPAHHILY do. do = Xmin — N / 2. IIpoMeKyTOUYHBIC U KOHEYHAs TPaHMIIbI
UHTEPBAJIOB onpenesstoTes no gopmyne ai = aig +h,i=1,2, ...,k

6. CocraBUTh MOCJIENOBATEILHOCTh MHTEPBAJIOB W 3aMHCaTh €€ B TEPBYIO

CTPOKY TabJuIIbl (psifa pacipeIesieHus!).



7. Haiifti aGCcoMOTHBIE YaCTOTHI N M 3aMKUCaTh UX BO BTOPYIO CTPOKY TAOJHIIHI.

3HaueHHe, HaXOAAIIeeCs] Ha FPaHULE JBYX MHTEPBAJIOB, OTHOCAT K IIPaBOM I'paHHULIE

HHTCpBAJIA.

8. Onpez[eJme OTHOCHUTCJIbBHBIC YaCTOThI U 3alIMCATbh MX B TPCTbIO CTPOKY

TaOJIALIBL.

Ipumep 1.3. Hcnonb3ys yciaoBue npumepa 1.1, cocTaBUTh WHTEpBaJIbHBIN

CTaTUCTUYCCKUU pAAa.

Pewenue

1. Onpenenutsb N, Xmax, Xmin : N = 15, Xmax = 9, Xmin = 0.

2. Onpenenuth pazmax BeiOOpkH R: R=9-0=09.

3. Ompenenuts KOJIMYECTBO HHTEPBAJIOB K:

k=1+141-/n15=1+3,81=4.81~%=5.

4. Onpenenutsb amuHy h natepsana: h=9/(5-1) = 2,25.

5. OmnpenenuTth rpaHUlbl pa3psIoB:
ap=0-2,25/2=-1125; a1 =-1,125 + 2,25 = 1,125; a, = 1,125 + 2,25 = 3,375; as =
3,375+ 2,25=5,625; as = 5,625 + 2,25 = 7,875; as= 7,875 + 2,25 = 10,125.

6. 3anmoJIHUTH CTPOKHU TAOJHMIIBI, ONMPEACIUB A0CONIOTHYI0O U OTHOCHTEIbHbBIC

YaCTOTHI:

¢ (1,125;3,31 (3,375;5,64 (5,625;7,87 (7,875;10,1
WHTEPBAJ 1,125;1,12

5] 5] 5] 25]

5]
a0coroTHas

2 4 6 1 2
gacToTa N;
OTHOCHUTEJb
Hasg yacrora 2/15 4/15 6/15 1/15 2/15
pi’

IIpumep 1.4. IlocTpouth TUCTOTPAMMY

psna, COCTaBIEHHOTO B mpumepe 1.3.

qaCcTOT HMHTCPBAJIBHOIO CTATUCTHYCCKOIO



Pewenue

1. OTmMeTuTh Ha OCH a0CLKUCC YaCTUYHbIC NUHTEPBAJIBI.
2. JIns kaka0ro HHTepBaia Haitu otHomeHue Ni/h:
1-it maTepBa: N1 /h=2/2,25=0,9;

2-ii uaTepBai: N /[ h=4/2,25=18;

3-ii uaTepBan: N3/ h=6/2,25=27,

4-ii matepBan: Ny /h=1/2,25=0,4;

5-it maTepBan: Ns /h=2/2,25=0,9.

3. [TocTpouTk TUCTOTPAMMY.

e |

2T

1,8

1

0,9

1

U S N

1

-1,12% 1,123 3,375 5045 TETS 10,125 X

Paznen 7. TEOMETPUSA
Tema 7.1. IIpsiMmble ¥ IVIOCKOCTH B IPOCTPAHCTBE
OCHOBHBIE OIIPENEIIEHUS U TEOPEMBI

1. JIBe mpsiMble B IPOCTPAHCTBE HA3BIBAIOTCS MapajuIeIbHBIMU, €CJIM OHU JIEkKaT B
OJIHOM INIOCKOCTH U HE MEPECEKAOTCH.

2. Ilpsimble, KOTOpblE HE TEpEeceKaloTcss M He JIeKaT B OJHOW IUIOCKOCTH,
HAa3bIBAIOTCS CKPELIUBAIOILIMMUCS.

3. Uepe3 TOuKy BHE AAHHOW MPSMON MOKHO IPOBECTH MPSMYIO, MapalieIbHYIO

9TOM NPSIMOM, U IIPUTOM TOJIBKO OJHY.



4. Yepes TOUKY BHE [JAHHOM IUIOCKOCTH MOXHO IPOBECTH IUIOCKOCTb,
[apaJuIeNIbHYIO JAHHOM, U IPUTOM TOJIBKO OJHY.

5. llpu3nak  mapajmienbHOCTH  NOpsIMOM W miIockoctu: Ecnu — mpsimas,
NpUHAAJIekKaas IUIOCKOCTH, IMapajuiebHa KakOM-HUOyIp MNpSAMOM B 3TOH
IJIOCKOCTH, TO OHA MAPAJJIEIbHA U CAMOM IJIOCKOCTH.

6. /IBe MI0CKOCTH HA3bIBAIOTCS MMApaUICIbHBIMU, €CJIM OHU HE MePeceKaroTCs.

7. Ilpu3Hak mapajienbHOCTH IIOCKOCTeW: Ecnu aBe mepecekaromuecs npsMble
OIHOW TUIOCKOCTHM COOTBETCTBEHHO IApajuIeNIbHbl JIBYM TMPSMBIM JIPYTOW
IJIOCKOCTH, TO 3TH INIOCKOCTH NapaJUICIbHBI.

8. Ilpsmas, mepecekaromias IIOCKOCTh, HA3bIBACTCS NEPICHAUKYISIPHOW 3TOMH
IUIOCKOCTH, €CJIM OHAa MNEPIEeHIUKYJApHA JII000H NpsAMOHM, KOTOpas JIEKHUT B
JAHHOW ITIJIOCKOCTH U MPOXOJUT YEPE3 TOUKY NEPECECUEHUS.

9. Ilpu3Hak NEPHEHIUKYJIAPHOCTH MpsiMOM U  IuiockocTH: Ecinu  npsimas
IIEPIICHIUKYJIAPHA JBYM IEPECEKAIOIMUMCS MPSIMBIM B INIOCKOCTH, TO OHa
MEPIICHINKYJIAPHA TAaHHOW IUIOCKOCTH.

10.Teopema o Tpex mepreHaukyispax: s Toro, 4roObl mpsiMas Jexarias B
IJIOCKOCTH, OblIa MEPHEHAMKYJIIPHA HAKIOHHOW, HEOOXOAUMO M JIOCTAaTOYHO,
4TOOBI ATA MpsiMast Obli1a NEPIEHIUKYIIIPHA MPOESKIIUN HAKIOHHOM.

11.Ecnu npsiMasi, mepecekaromias IUIOCKOCTb, MEPIEeHIUKYJIApHA JIBYM MPSMBIM,
JIEKAIUM B 3TOM IUIOCKOCTH Y MPOXOJSIINM YEpPE3 TOUKY NEPECEUEHNs JaHHON
IIPSAMOM U IJIOCKOCTH, TO OHA NEPIEHAUKYIIAPHA IITIOCKOCTH.

12.Ecnu minocKocTh NEepreHANKYIIpHa OJHON U3 IBYX MapauIeIbHBIX MPSMBIX, TO
OHa MEPHEHAUKYISAPHA U APYTOM.

13.Ecnmu n1Be mipsiMble TEPIICHIUKYJISIPHBI OJHOW W TOW K€ TUIOCKOCTH, TO OHH
MapajulesIbHBI.

14.Ecnu npsmast, Jiexaniasi B IJI0CKOCTH, MEPIEHANKYIISIPHA MPOEKINN HAKJIOHHOM,
TO OHA MEPNEHAUKYIISIPHA U CAMOM HAKJIOHHOM.

15.Ecnu npsimasi, He Jiexalniasi B JaHHOW IUIOCKOCTH, NapajlielbHa Kakoi-HUOYIb
MPSAMOM, PACIIOJNIOKEHHOM B JTOM IUIOCKOCTH, TO OHA MapajulelibHA 3TOU

IINTOCKOCTH.



16.Ecnu npsimasi mapasuienbHa IMII0CKOCTH, TO OHA MapajuielibHa HEKOTOPOH TIPSIMOMA
Ha 3TOM IJIOCKOCTH.

17.Ecnu npsiMasi ¥ IJI0OCKOCTh MEPIEHANKYIISIPHBI OTHON U TOU K€ MPSIMOiA, TO OHU
MapaJlJICIbHbI.

18.Bce Touku mpsiMOM, MapajIeNbHON IMJIOCKOCTH, OJUHAKOBO YAAJIEHBI OT 3TOU

IIJIOCKOCTH.
Yroa mexny npaMbIMU

o  YIIIOM MEXAY ABYMS NEPECEKAIOIIMMHUCS MPSAMBIMU HA3BIBACTCS HAWUMEHBIINN
U3 YTII0B, 00pa30BaHHBIX MPU NEPECEUECHUN MTPSMBIX.

0° < Z(a,b) £ 90°
[ ]

e YoM MCKAY ABYM: CKPCIIUBAIOIHUMMCS IIPAMBIMU HA3bIBACTCA YI'OJI MCIKIY
MNCPCCCKAIMUMHUCA IIPAMBIMH, COOTBCTCTBCHHO IIapaJUICIbHBIMH JAaHHBIM

CKPEIIMBAIOIIIMCH.

IIpumep 1.B enunnynom kyOe A...D1 Haiigute yron mexay npsambeiMa AB1 u BC;.

D, G,

A] i

"_,‘-r B A -

Pemenue.
[Ipsmass AD; mnapamwiensHa npsmoil BCi u, cregoBaTenbHO, Yrojl MEXIY
npsmeiMu  AB1; u BC; paen yrimy BjiAD;. Tpeyrompauk BiAD;
PaBHOCTOPOHHMIA U, 3HA4nT, yroa B1AD; pasen 50°,

IMpumep 2.B equnnynom kyoe A...D; HalimuTe yron Mexay npsmbeiMa DA; u BD;.



Ay

AkZ B AkZ

Perienue.

1-#1 cmoco6. PaccMoTpum opToroHanbHyl0 mpoeknuio AD; mpsmoit BD: Ha
mmockocth ADDy. Ipsambie AD1 u DA nepneHaukynsipabl. M3 Teopemsbl 0 Tpex

NepHeHANKYIIApax cienyet, yro npsambie DA1 u BD1 Takxke neprneHauKyIsipHbl,

T.e. HCKOMBIH yron Mexmy npameiMua DA; m BD; pasen 0°.2-if cmocob.

(’II

BBGI[CM CUCTECMY KOOpAWHAT, CUUTAsA HAa4dJIOM KOOpAMWHAT

—_—

TOYKy A, ocsamu kKoopauHaT — npsmbie AB, AD, AAj.Bekrop D4 veer

—_—

5D
koopauHatel (0, -1, 1). Bekrop = ! umeer xkoopaunHatsl (-1, 1, 1). Ckansipaoe
MPOU3BEJICHUE ITUX BEKTOPOB PABHO HYJIO U, 3HAYUT, UCKOMBIA yTrOJ MEXITY

npsimbiMu DA; 1 BD; pasen 207,

IMpumep 3. B npasunbHOl TpeyroabHoit npusme ABCA1B;C4, Bce pebpa koTopoit

paBHbl 1, Haligure KocuHyc yrina Mexay npsmeimu AD:1 um CEq, tome D1 m E1 —

COOTBETCTBEHHO cepeaunbl pedep A1Cq u B1C.

By

Pemrenue. “

By



O603naunm D u F; cootBercTBeHHO cepenunbl pedep AC u A1B1.DC; || AD; n

DF, “ CEl, IIO3TOMY Z (ADl,CEl) = d ClDFl. & ClDFl
Dclzﬂﬂzﬁ, CIE:E.
PaBHOOEIPEHHBI, 2 2

Hcnons3ys TeopeMy KOCHHYCOB, mojydaeM cos< C;DF; = 0,7.

Yroia mexay npsiMoi 1 IJI0CKOCTHIO

o YIJIOM MEXIy IJIOCKOCTHIO U HE MEPHEHANKYIJISAPHON €il MpAMON<: Ha3bIBaeTCs
YTOJI MEXKy 3TOU MPAMON U €€ MPOEKIMEN Ha JAHHYIO MIOCKOCTb.

0° < L(a,a) < 90"

IIpumep 4.B npaBuipHO# mecTuyroyibHoU npusme A...Fi, Bce pedpa KOTOpOH paBHbI

1, Haitnute yron mexnay npsimord AF u muiockocteio BCC.

=
=

A B A B
Pemenue. IIlyctb O —  ueHtp

HIDKHETO OcHOBaHus npu3Msbl. [Ipsamas BO napamnensna AF. Tak kak miockoctu ABC
u BCC; nepneHmukymnsipHbl, TO HCKOMBIM yriom Oyaer yron OBC. Tak kak
TpeyronsHuk OBC paBHOCTOPOHHMIA, TO 3TOT yron Oyzer pasen 07,

IIpumep 5.B npaBuibHOM miecTuyrofibHOU pusme A...F1, Bce pedpa KOTOpoil paBHbI

1, Haitnute yron mexay npsimoid CCq u mockoctbio BDE;.


http://free.megacampus.ru/xbookM0001/book/index/predmetnyi.htm#i36639

Pemienue. Tak kak npsmeie BB1 u CC; mapamienbHbl, TO
HMCKOMBIM yroJ1 OyzieT paBeH yriry Mexay npsmoit BB; u mitockocteio BDE;. Tlpsimas
BD, uepe3 koTopyro npoxoaut miockocts BDE1, neprienaukymnsapHa miockoctd ABB1

¥, 3HauuT, miockocte BDE; nepnenaukynspHa mnockoctu ABBj. CnenoBatensHo,

FICKOMBIH yron 6yzieT paBeH yriay A;BBy, T.e. paBen 437,

YroJ Mexkay AByMS IJIOCKOCTAMH
JIByrpaHHbIi yroiyi, 0Opa30BaHHBIA MOIYIUIOCKOCTSIMU H3MEPSIETCSl BEIMYMHON €ro
JUHEHHOr0 YIJia, MOJIy4aeMOoro IMpU MNEePEeCeUYEeHUU ABYTPAHHOTO YIVIa IJIOCKOCTBIO,

NEPHeHANKYIApHON ero pebpy. BenuuwHa nABYrpaHHOTO yIyia TMPUHAJJICKUT

[:Il:l. [u]
MIPOMEKYTKY [ " ).BCHI/I‘II/IHa yIrila MEXAY NEpPEeCEKAIUMUCA TIIOCKOCTIMHU

(=B [u]
)3 .
MIPUHAIIEKUT IPOMEKYTK ( ].HOCT OCHHE JIMHEWHOTI'O yIJIa ABYI'PAaHHOIO YIia,
YIKY YT, y Y

00pa30BaHHOTO TIOCKOCTAMH & 1 £ CrpouM 1Ba neprneHaukyisipa &=y be By
MPSMOMN TIEPECEUCHUs MIOCKOCTE; a €ro BEIIMYMHA HAXOJUTCS U3 MPSMOYTOJBHOIO

TPEYIroOJIbHUKAa WM W3 HCKOTOPOro TPEYroJbHUKAa C TMPHMCHCHUCM TCOPCMbI

Prc. 1 ¥
KOCHHYCOB: e P, 2

IIpumep .B npaBuibHOM mectuyronbHou npusme A...Fq, Bce pedpa KoTopoil paBHbI

1, Haitnute yron mexay miockoctamu AFF; u DEE;.



Pemenue.
Tak xak miaockocth FCCimapamiensHa miuockoctd DEEq, To MCKOMBIN yroma
paBeH yriy Mmexay miockoctsmMu AFF; u FCCi. Tak kak mnmockoctu AFF; u
FCC, nepnenaukynsapHsl miockoctd ABC, TO cOOTBETCTBYIOIIMM JIMHEWHBIM
yriom 6yzet yron AFC, kotopsrii papen 507,

I[Ipumep. B emunuuynom kybe A...D; HalguTe TaHTEHC YIJIa MEXIY

mwiockoctamMu ADD; u BDC;.

1 (‘1

Ak Ak” >
Penrenue. Tak Kak

miockoctb ADD; mapannensHa mockocti BCCyq, TO HCKOMBIN YroJl paBeH yrity
Mexay mockoctamu BCCy u BDCs. ITycts E — cepenuna otpeska BCi. Torna
npsmeie CE u DE OynyTt nepnennukyisipusl npsimod BCi u, cinegoBatenbHoO,
yron CED Oyner nuHeHbIM yriaom wmexay miockoctsmu BCC; u BDCh.
Tpeyronsauk CED mnpsimoyronbenbeiid, karetr CD paBen 1, kater CE paBeH

V2

2 CnenosarensHo, tg< CED =2

Paccrosinue oT TOYKH /10 IPSIMOH

o PaccrosHme OT TOYKM 1O NPSAMOM, HE COAEpKalled 3Ty TOYKY, €CTh JUJIMHA

OTpe3Ka NepHeHANKYISIpa, IPOBEACHHOTO U3 3TOM TOYKU HA MPIAMYIO.



« PaccrosiHre Mexy AByMs mapauieIbHBIMU MPSMBIMHA PaBHO JUTMHE OTPE3Ka UX
00IIIeTro MePIeHANKYIISPA.
« PaccrosHre MexIy NByMs MapajUIeIbHBIMU TPSMBIMA PABHO PACCTOSHUIO OT

000 TOYKH OJHOM M3 ATUX MPSAMBIX JI0 APYTOM MpsIMOiA.

IIpumep. B npaBunbHON mectuyronbHou npusme A...Fq, Bce peOpa KOTOpoi paBHBI
1, HaiiAUTE paccTosTHUE OT TOUKH A 10 nipsimoit D1F;.

E 1 L}]

G

te
B

F C

A B
Pemenue. Tak kak mnpsmas DiF1 nepnenaukynspHa

mwiockoct AFF1, To oTpe3ok AF; Oyner uCKOMBIM NEPIEHAUKYISPOM, OMYIIEHHBIM

u3 Touku A Ha nipsimyto D1F1. Ero qjymuna paBha V2

IIpumep .B enunuynom kyOe A...D; HaiiauTe paccTosiHME OT TOYKM A J0 HPSIMOM

BD..
D, ¢ D, c,
:l. o
-’1-1 I ‘In. B Al .-‘l L] 11 B
T rELEE)
i ] R T Y
¥ 1 i ] (]
i L] I i [}
[} L] rl 1 [}
i ] ’ 1 L
H
1 L] i 3
#_‘LQ-.."‘- ..... M r" _‘D_:;,tﬁ_lr_____ L
- ‘1 ‘r .-"} 1\
Awl A
Pemenue.

HckoMbIM mEpHEHAUKYISAPOM sIBIIAeTCS BbicoTa AH MpsMOYrojIbHOro TpeyroJibHUKa

ABD;, B xotopom AB = 1, AD; = \'E BD; = \E Jns mmomaau S aToro

25 = AB- AD, = BD, . AH

TPCYTOJIbHUKAa UMCHOT MCCTO PABCHCTBA .OTKYI[a HaxXo0anuM

N7~



IIpumep. B npaBunbsHoil mectuyronpHoi nupamuae SABCDEF, cTopoHbl OCHOBaHUS
KOTOpoii paBHbI 1, a GokoBble peOpa paBHbl 2. Haiftu pacctosnue ot Touku F 1o

npsmoit BG, rie G — cepeauna pedpa SC.

l.‘;

Pewenue. Hck
omoe paccrostaue ot Touku F 1o npsimont BG paBHo BeicoTe FH Tpeyronsanka FBG, B

KOTOPOM IO TeopeMe KOCHMHYCOB B TpeyroiabHuke AFB u mo teopeme [ludaropa B

tpeyroaeauke FSG: FB = FG = \E Haiinem BQG, kak MOJOBUHY JIHaroHAIH
napasuiesiorpaMmma, KOTOPBIM TMOJIyduM, eciii JgocTtpouMm TtpeyroibHuk BCG 1o

napautenorpamma CBSM, 3atem Bocnonbsyemcs Qopmyioii: di? + d? = 2(a + b?
J6

B =—.
). 2 Mo teopeme Ilmdparopa B  Tpeyrompuuke BFH  maxomum

N

4

FH = «JFR* - RL* =
FH:

Paccrosinue OT TOUYKH 10 IJIOCKOCTH

o PaccrosiHME OT TOYKM IO IUIOCKOCTH, HE COJEPIKAIEH ATy TOYKY, €CTh JJIMHA
OTpEe3Ka NEPIEHANKYISAPA, OIMYIIEHHOTO U3 ATOM TOYKH Ha MJIOCKOCTb.

o PaccrosiHre Mexnay npsiMOM W NapajijleIbHOW €M IUIOCKOCTBIO PABHO JJIMHE UX
O0IIero NnepreHIuKyspa.

o PaccrosHue Mexay nOpsAMOW UM NapajuIeIbHOM €W  IUIOCKOCTBIO  PAaBHO
PACCTOSIHHUIO OT JIF000M TOYKU 3TOM MPSMOU J0 MIIOCKOCTH.

o PaccrosiHne Mexny AByMs NapajulesIbHbIMM IUIOCKOCTSIMHA PaBHO JUIMHE HX
o0111ero nepreHuKyIspa.

o PaccrosgHne mMexay IByMs MapajulesIbHBIMU IJIOCKOCTSIMH PaBHO PACCTOSIHUIO

MEXKY TOYKOM OJTHOM U3 3TUX IJIOCKOCTEN U APYTrOr INIOCKOCTHIO.



IIpumep. B equnnynom kybe A...D; HaiinuTe paccTosHUE OT TOUYKH A JI0 TUIOCKOCTH

1 Cl 1 cl

Ay

A B A B
BDA\;.Pemenne.

ITycts O — cepeauna otpeska BD. IIpsmas BD nepnennukysisipHa mIOCKOCTH
AOA;. CrnenoBarensHo, twiockoctt BDA; u AOA; mnepneHIuKyIspHBIL.
VICKOMBIM NEPIEHINUKYJISAPOM, OMYIIEHHBIM U3 TOYKH A Ha IJIOCKOCTh BDAj,

aBisiercst Beicota AH npsimoyrosibHOTO Tpeyroiapauka AOA1, B kKoTopom AA; =

J2 6

Ao ==, 04 = —.
1, 2 2 Jlyis IIOMAmM S 3TOTO TPEYrOJbHMKA MMEIOT MECTO

5

paBEHCTBA 28 = A0 A4 = 04 - AH. Orkyna Haxogqum AH = 3
IIpumep. B npaBunsHOM mectuyroapHor nupamuae SABCDEF, croponsl 0OcHOBaHUS
KOTOpOM paBHbI 1, a OOKOBbIE pedpa paBHBI 2, HAWIUTE PAacCTOSHUE OT TOYKU A 10

mrockoctu SBC.

Pemenue.
ITycte O — nenTp ocHoBanus nupamuibl. [Ipsimas AO mapaienbHa OpsiMOit
BC wu, 3nauut, napamnenpbHa mmiockoctd SBC. CrenoBaTenbHO, HCKOMOE
paccrosinre paBHO paccTosiHUio oT Touku O 1o miockoct SBC. Ilycts G —
cepeauna orpe3ka BC. Torna npsimas OG nepnennukyisgpaa BC u uckombim

NEePHeHANKYIApOM, onylieHHbIM u3 Touku O Ha miockocte SBC, sBnsercs



BeicoTa OH mnpsimoyroneHoro tpeyroiapHuka SOG. B 3TOM TpeyrosibHHKE

/3 V15 SO =3

2 2 Jnsg momand S 3TOro TpPeyroiabHUKa

N

MMEIOT MECTO paBeHCcTBa &5 = UG - 50 = 5G- OH. Orkyna naxogum OH = 2

Paccrosinue MEKAY CKpeIMBAIOIIMMUCH TIPAMBIMHA
Paccrosinue MCXKAY ABYM:A CKPCIIUMBAIOIMIUMUCA IIPAMBIMH PAaBHO AJIMHC OTPC3Ka HX
06IHCF (¢} IMCPICHINUKYJIAPA. CriocoOsbl HaXO0XACHH PaCCTOAHUA MCIKIAY

CKPCIIUBAOIIUMHUCA ITPAMBIMUA:

1. Haiitu jquHy 00IIero mepreHauKyssipa K STUM MPSMbIM, €CIId €ro MOXKHO
IIOCTPOUTH

2. IlocTpouTh MIJIOCKOCTh, COAEPXKAIIYI0 OJHY U3 MPSIMBIX H MapajljIeIbHYIO
BTOpoil. Toraa HMCKOMOE pacCTOSHUE PaBHO PACCTOSHHUIO OT KaKOW-HUOYIb
TOYKHU BTOPOM IPSIMOM 10 HOCTPOCHHOM IIJIOCKOCTH.

3. 3aKI0YMTh JaHHBIE TPSIMbIE B MapajjiebHbIE TUIOCKOCTH, MPOXOASIIUE depe3
JAHHBIE CKpELIMBAIOUIMECS TMpsIMble, M HAWTH PACCTOSHUE MEXKIYy STUMH
MJIOCKOCTSIMMU.

4. TlocTpouth MJIOCKOCTh, TMEPHNEHIUKYJISAPHYIO OJIHOW U3 JaHHBIX MPSIMBIX, U

IIOCTPOUTH HA 3TOM IUIOCKOCTM OPTOTOHAIBHYIO MPOEKIMIO BTOPOM IPSMOM:

/

IIpumep. B npasmibHON deThipexyronbHOi nupamuae SABCD, Bce pebpa xkoTopoii

paBHbI 1, HaliguTe paccTosiHue Mexay npsimbeiMu SA u BC.



g == =-=--

L

Lk

Pewenue. [Ipsamas

BC mapannensHa mnockoctd SAD, B koTopoi nexut npsamas SA. CreloBarelbHO,
paccrosaue mexay npsMbiMu SA u BC paBHO paccrossHuio ot mpsmod BC nmo
miockoctd SAD.Ilycts E u F coorBercTtBeHHO cepenunbl pedep AD u BC. Toraa

MCKOMBIM TieprneHauKyisipom Oyzaet Boicota FH Tpeyronsnuka SEF. B TpeyronpHuke

3 V2

SEF umeem: EF = 1, SE = SF = 2 ', BbicOTa SO paBHa 2 .I[JI}I Ionaau S
tpeyronbauka SEF mmeror mecro paBeHctBa 25 = EF - S0 =5E-FH & y3 goropeix

BRSO &
pr - BE50_ 6
noay4aem SE 3

IIpumep. B enunnunom kybe A...D; HaliiuTe paccTtosiHue Mexay npsmeiMu ABi1 u

BC,.
D, L] D, Gy
i i ’
1 i
A . B, Ay i B L
! [] B i 'f' #
. ~2 0 Iz;f
i F Hiildr {1
' i A
] Pt | - T
£ - '-._
1 i , r o -
Lol e i DAl ~ - - |
L J', ,“ - i R
’.r .I'; _."" .-"".'-'-
AZ f Az---"" 0"«
Penrenue. [InockocTu

AB:D; u BDC4, B KOTOpPBIX Jie’KaT JaHHbIE MpsIMble, MapaiyienbHbl. ClieI0BaTeNbHO,
pPacCTOSIHUE MEXAY ATUMH MPSIMBIMU PABHO PACCTOSIHUIO MEXIY COOTBETCTBYIOIIUMU
mwiockocTssMu.  Jluaronanp CA; ky0a MNEpHEHAMKYJSIpHA OTUM  TUIOCKOCTSIM.

O6o3naunm E w F Toukm mepeceuenuss muaronamu CA; COOTBETCTBEHHO C



wiockocTsiMu AB1D; u BDC;. lnuna otpeska EF Oyner paBHa pacCTOSHHIO MEXITY
npsmeiMi AB1 u BCi. Ilycte O m O coorBercTBeHHO LeHTpbl rpaHeii ABCD wu
A1B1C1D; xy6a. B tpeyronsuuke ACE otpe3ok OF napannenen AE u npoxoaut uepe3
cepeauny AC. CnenoBatenbHo, OF — cpennsisi muaus tpeyrojibhauka ACE u, 3HauuT,
EF = FC. Ananormuno pokasbiBaercs, 4to OiE — cpenHss nuHUS TpeyroJibHUKa

A1CiF u, 3naunt, A1E = EF. Takum o6pa3oM, 1 COCTaBIsSIeT OAHY TPETh AUArOHAIU

3 3

CA., T.e. EF= 3 Otser: 3

IIpumep. B npaBuibHOM mectuyronbHou npusme A...Fi, Bce pebpa KOTOpoi paBHBI

1, HaiinuTe pacctostHUuEe Mexay npsiMmbiMu AA;1 u CF.

(]

o

-
f

Penienue.

-

Paccrosau

ne mexay npsmeiMu AA; u CFi paBHO pacCTOSHUI0O MEXAY MNapajuleIbHbIMU

5

mwiockoctsiMu ABB; u CFFy, B KOoTOpBIX jexat 5Tu npsamble. OHO paBHO < OTBeT:

3

5
Tema 7.2. MHOTOTPAHHUKH

[Ipu3mMoil Ha3pIBAIOT MHOTOTPAHHHMK, Y KOTOPOrOo JBE€ OJMHAKOBBIE B3aWMHO

MapaJuICIbHBIC I'PAHU - OCHOBAHU, 4 OCTAJIbHBIC I'PAHU - IIapaJJICII0I'PaMMBI.



[lupamuna npexacraBiser coOOM MHOTOIPAHHHMK, Y KOTOPOrO OJHA TIpaHb
(MpOM3BOJIbHBIII MHOTOYTOJIbBHMK) HPHUHMMAETCS 3a OCHOBaHUE, a OCTaJbHBIC

(OOKOBBIC) TPaHM - TPEYTOJBHUKH C OOIIEH BEPITUHOM.

[IpaBUIBHBIMM HA3BIBAIOTCS TAaKHE€ MHOTOIPAHHUKH, Yy KOTOpPBIX BCE TpaHU -
MPaBUWIbHbIE PABHBIE MHOTOYTOJBHUKHU. Tak Kak B KaJ0W BEPIIMHE MHOTOTPaHHUKA
JOJDKHBI  CXOAUTHCS HE MEHbIIE TPeX MHOTOYIOJbHUKOB, a Yy MPaBUIBLHOTO
MHOTOYTOJIbHUKAa BCE YIJIBI PaBHBI, TO BEJIUMYHMHA YIJIa MHOTOYTOJIbHHKA (TpaHu)

JIOJDKHA OBITH MEHBIIE 2p/3.

B mnpaBWIbHOM MIECTUYTOJIBHUKE YIbl paBHbl 2p/3, MO3TOMYy B MpPaBUIBLHOM

MHOT'OI'paHHHKC I'PaHb HC MOKCT OBITH MCCTUYT'OJIBHUKOM.

N3 ckazaHHOrO MOXXHO CACJIaTb BBIBO, YTO IIPABUJIbHBIX MHOI'OI'PAHHUKOB MOJKCT OBIT
TOJIBKO IISITh. B KauecTBe rpaHeﬁ IMpaBUJIbHBIX MHOT'OI'PAHHHUKOB MOI'YT OBITh TOJIBKO
HpaBHHBHBIﬁ TPCYI'OJIbHHUK, YCTBIPCXYI'OJIbBHUK H IIITHYI'OJBbHHUK. HpaBI/IJ'II)HLIMI/I

MHOTOTPaHHUKAMU SBIISIOTCS:
* IPABWJIbHBIN YETHIPEXTPAHHUK WJIM TeTPa3dAp (TpaHb - MPaBUIILHBIN TPEYTONHHUK);
* IPAaBWJIbHBIN MIECTUTPAHHUK (Ky0) Win rekca’ap (rpaHb KBajapar);

* IPaBWJIbHBI BOCBMUTPAHHUK WM OKTA3AP (TpaHb MPaBHIbHBINA TPEYTOJBHUK);

MpaBUJIbHBIM JBEHAALATUTPAHHUK WM JA0AeKa’3aAp (rpaHb - TMPABWIbHBIN
NATUYTOJIBHUK);

MPaBUJIBHBIM  JBEHAJUATUTPAHHUK WJIH HMKOCA3Ap(rpaHb -  [PaBUJIBHBIN
TPEYTOJbHUK).

HpaBI/IHBHLIe MHOI'OTPpaHHHUKHW HA3bIBAIOT IInaToHOBEI TENA.






Tema 7.3.Tesia 1 NOBEepPXHOCTH BpalleHUs

CrepeomerpHua. MHOrorpaHHHKH

[Maomame TTaommaas 6oroBoii| [Taomiaas MoAHOH OBmen
OCHOBAHHA TIOBEpPXHOCTH TOBEPXHOCTH
IlponsBoabHA" - . . V=5S_h
p béorc = PJ.d Sno_m = Ofgon + Qbom —
IpH3Ma V=5Sd
anMa—H IIPH3Ma Seor = Foailt Spomt = Poah 25,4, V=S,.h
[IpaBuABHAaS o 5
- 3 2
w TPEYroAbHAas Som = a ‘E 5o = 30N Spom = 3ah+ a V= a 2 3 h
5 OpH3Ma 4 2
E [IpaBuapHa"
B | UETEIPEXYTOABHAA
o IIpH3Ma Soan = a’ S50 = 4ah Snom = 4ah +2a° V =a’h
(NPAMOY20LHBLLU
napannenenuned)
[IpaBuapHa" 2 .
3a*y3 - i 2
LIECTHYTOABHAS o = GQJ_ 5o = OCH Syome = 6ah + 3a243 V= 332\5 h
OpH3Ma
[IponsBoabrHadA Shom = Seox +Som V= 1 S,ah
OHpaMHAa 3
[IpaBHabHaa 5 2 2
3 3al 3ad a“v3 a“+3
g TpeyroAbHad Som = d f Sgox = = S =——+ V3 = 1\2/_}1
§ OHpaMHIA 2 4
< [IpaBHABLHAA 1
g" YETBIPEXyrOABHAS Sea =a° Seon = 2al Spome = 24 +a® V= Eazh
= OHpaMHIA
IIpaBHABHAS 5 2 .
LIECTHYTOAbHAS Som = Sa’ V3 Seor = 3al Spome =30l + 5243 v== r\Eh
OHpaMHIA 2 2 2

ObozHaveHHd:  — CTOpPOHA OCHOBaHWd, I — BBICOTA MHOTOTpPaHHUKA, [ — amodeMma

(BrIcoTa OOKOBOHM TpaHM HHpaMHAbl), P — IEepHMETP NepHeHIHKYyASPHOTO CeYeHHd
upHu3MEBl, d — mauHa OokKoBoro pebpa mpH3Mbl, Si — HNAONIAAEL HepPIeHAUKYATPHOTO

CedeHHd ITPH3MbIL

CrepeomeTpusa. Teaa BpallleHHA

ITaomiane .
IT £ N I1
AOTHAD 6okoBoOH AOTITAJLE TIOATIOH Obpem
OCHOBAaHHS HoBepXHOCTH [IOBEPXHOCTH
5
Spom = Soon +25 V=s_h
S =mr’ S, =2mrh o - o oo
E oo fore S o = 2mrh + 2 V =m3h
=
% L h
S =S, _+S =3 Poa
. & 3
Komyc S, =mr’ Ss.p. = 11 o ‘;n o 1
[4] bno)m =nri+mr V= —Tff‘zh
5 3
Q
X . S ., =mr’ S 2 2
= =mr° +nmR" +
YceueHHBIH acnl , S = (r + R)I nosm V= —n:{r‘g 4 ],RJrRz]h
KoHyc Spmn = TR +7(r + R)I
3 2
é‘ S, = 41 V=—m

O6Gosnadenuda: 1, R — paguyckl ocHOBaAaHWH, h — BeIcoTa, [ — obpasyiomas




Tema 7.4. U3mepeHusi B reoMeTpuu

«Haxoxk/1eHne 0CHOBHBIX 3JIEMEHTOB IIWJIMHAPA, KOHYCa U IIapay.

IMpumep. Jan nuumuaap. [nomanu ceyenus, MpoBeACHHOTO MapaieIbHO OCH LUJIUHIpA
paBHa 16¢cM? | BBICOTAa LWIMHApPA paBHA 4CM, a paauyc OCHOBaHUA 2 cM. Haiitm
pacCTOsTHUE OT OCH LMJIMHJIPA 10 TUIOCKOCTH CEYEHUSI.

JaHo:

ABA;1B-imnunap.

Sexgp=16cM?

OL=4cm

CL=8cm

Haiitu:

NL K
Af LN ST Bt
Pewenue: : /1

T. Kk OL=CP=4cm; Sckop=CK-CP :
CK:LC’QZ; |
CP |

|

Cﬁél—%a/ - =
A

T. K NO;j-ceuenune nemur cropony CK momosam, TO
CN=2cwm.

LC=LN+CN

LN =LC-CN

LN =8 —2% =64-4=6(
LN=/60=~77
Omeem,(

Ipumep. OOpasyromue  pPaBHOCTOPOHHETO
KOHyca paBHa 6¢cM. OnpeesiuTh BhICOTY.

JaHo:

CAB- paBHOCTOPOHHUI KOHYC.

AC=6 cm

Havitnu:



CO=?
Pemenue:

1.T.x CAB-paBHOCTOpOHHMI1 KOHYC, TO B HeM AC=AB=CB=4cMm

1
AGE*ZAl (Bercota CO nmeaut AB momoiam)
A %6:3;

2. ITo Teopeme Iudaropa naiinem CO

AC =483 +C3
CO=AC—-A403

CO =6>—3F =36-9=27
CO=\27=3/3
Omeerd/3cm

Ipumep. OceBoe cedeHWE HWIMHAPA - KBajgpaT, IUiomags kortoporo 16cmZ Haiitn
IJIOIIAb OCHOBAHMS.

Hano:

ABC/I-unnmmsap

ABC/I-xBanpar

SABCI[:16CM2. W

Haiitu:

SOCH.:?

Pemienue: !

e
SupcimC c S0 oA
. Cﬂ:\/ SABCﬂ

C/I=16=4cn

1
Cce>=—C/
2. 2

cézL-zl:z;, CO=R

3. Soen=ntR?
Socn=3,14-2?=3,14-4=12,56¢cMm?
OtseT: 12,56 cM?



«Bbruncienue 00bEMOB reoMeTPHYECKUX TeJD).
IlpuMmep. B mpaBWIBHOW 4YETBIPEXYTOJBHOM NHPAaMUIE IUIOWIAJb OCHOBAaHMS paBHA

64cm?, a  Gokosoe pebpo  10cm.

Onpenenure 00bEM IUPAMUIBL. K
JaHo:
ABCD-npaBunbHas YETBIPEXYTOJIbHAS
nMpaMu/ia.

SABCI[:64CM2
KJ1=10cm

Haiitu:
KO=?
Penienue:

B ocHOBaHuU IEXKUT KBaapar, a Imjomalab KBaapaTa BbIYUCIIACTCA 110 (bOpMyjle SKB:aZ .

a2 :SKS
a’ =64
a=\/6_4=8cm

2) 1o Teopeme Iudaropa naiinem AC u3z AAJIC:
AC*=AJI>+CI1?

AC?*=8%+82=64+64=128

AT =2EEXATX

3) OZ=4/2(1.x muaroHany NENATCS W TOYKA NIEpPECEUCHHUs] ACIUTCS TOMOJaM),l103TOMY

i e iaae

4) I1o teopeme IIudaropa naitnem KO uz AKO/I:
KO=K7-Of

KA&=16—@A/2y?

KG-/10032=/68=/174

K@217

Omee2dl7

Ipumep 3.



Haiitu o0Bbem Tena mOJy4deHHBIH OT BpaUICHHsS NPSMOYTOJBHOTO TPEYrOJbHUKA C

KaretaMu 3cM W 4CM  BOKpPYT
KaTETOB.

JaHo:

BO=4cm

OC=3cm

Haiitu:

V=?

Pemenne:
VR

3

1
V=—3-§-41-——12=8,7

Ortser. 37,5 cm 3

-

OOJIBIIIETO u3

«BbIyuc/ieHue II0MAAe MOBEPXHOCTEe TeOMeTPUYECKHUX TeJ»

Ipumep.

BbluncnnTh MOBEPXHOCTh MPABWIBHOM YETHIPEXYTOJIBHOW MPHU3MBI

ocHoBanusg 10 cMm u BeicoTOM 20 CM.

C CTOpPOHOM

B: C1
Pentenue: i D,
Hano: Al i
AD=10 cm So2AS, '
sS.=—R.-H [ C
H=20 cm P —- AL ///
A -
s o S0 < D
e So2AS.

S5 OOy

OtBet:1000 cM?

IIpumep. [To ctopone ocHoBanus 8 , BeicoTe 25 u anodeme 26 ompeneanTh MOTHYIO

MTOBEPXHOCTH MTPABUIIbHON YETHIPEXYTOJIbHOW MUPAMUJIBI.

Pemenue:




Hano:
H=12 cm = .
S 2.

Snonﬂ‘? D

=&
S==3

S = IS 5=

S_=ATT6ew

OtBeT:480 cm?

IIpumep. Beicota konyca h=10, oOpasyromias L=12, a  paauyc OCHOBaHWMs

R=5cM.HaiiTu noyiHy1o moBepXHOCTh

JaHo: Pemienue: S
R=5cm
h=10 cm
L=12 cm
Sloﬂﬁod_so(
Snom—r'?
S=aen-=as
S, =&
OtBeT:266,9¢cM?

Tema 7.5. KoopauHaThl 1 BEKTOPHI



Omnpenesienue 1. BenmnuuHa, TMONHOCTBIO XapaKTepuU3yeMass CBOMM YHCIOBBIM
3HaYEHHEM B BHIOPAHHOM CUCTEME €IUHUIL, HA3BIBACTCS CKAIAPHOU UIH CKAIAPOM.
(Macca Tena, o0beM, Bpems U T.1.)

Omnpenenenue 2. BemnunHa, XapakTepu3yeMash YUCIOBBIM  3HAYE€HUEM U
HaIpaBJICHUEM, HA3bIBACTCS 6EKMOPHOU U 6EKMOPOM.

(ITepemernienue, cuiia, CKOpOCThb U T.1.)

O6Go3HaveHus: @, & wu AE, BC,

I'eomeTpudecknii BEKTOp — 3TO HANPABJIEHHBIN OTPE30K.

Jlnst BexkTopa A5 — Touka 4 — Havalo, TOYKa B — KOHEIl BEKTOpa.
Onpenenenue 3. Modyns BeKTOpa — 3TO JiIMHA oTpe3ka AB.

Omnpenesenue 4. Bexktop, MOaynb KOTOPOrO pPaBEH HYJIO, HA3bIBAETCS H)J1€8bIM,

oGo3Hauaercs 0.

Onpenesenue S. BekTopbl, pacnoyiOKEHHBIE HA MapajuICIbHBIX NPSMBIX WA HA
OIHOW TPSIMON HA3bIBAIOTCA KoJLIUHeapHbimu. Eciii Ba KOJUIMHEAPHBIX BEKTOpA
MMEIOT OJIMHAKOBOE HAMPABJICHUE, TO OHU HA3bIBAIOTCS COHANPAG/ICHHBIMU.
Omnpenenenue 6. JIBa BEKTOpa CUUTAIOTCS PAGHLIMU, €CIIA OHU COHANPABIEHbI U
PaBHBI 110 MOAYJIIO.

JlelCTBUSI HAJI BEKTOPAMH.

1) CiioxxeHue BEKTOPOB.

Omnp. 6. Cymmoit nByX BEKTOPOB & U & SBJISETCS NMAroHaIb Mapajuierorpamma,
MOCTPOSCHHOTO HA JITHX BEKTOpaxX, MCXOIAIIas W3 OOIIEH TOYKH WX MPHUIOKCHHS
(mpaBwJi0 mapaJsjiesiorpamMma).

D B

Puc.1.

Omnp. 7. Cymmoii Tpex BEKTOPOB @, &, ¢ Ha3pIBaeTCs JAMAroHajb Mapajviejenunesa,

MOCTPOEHHOTO Ha 3TUX BEKTOpax (MPaBWJIO MapaJulesienuinena).



Onp. 8. Ecim 4, B, C — mpousBoibHBIE TOUKH, TO AR + BC = AC (mpaBumio
TPEYroJibHUKA).

o

A B

puc.2

CBoiicTBA CJI0KECHUSA.

1°. @ + & = & + @ (mepeMeCTUTEIIbHBIN 3aKOH).

+(b+c)=(a+E)+c=(a+c)+ b (coucTaTeIbHBIN 3aKOH).

=

2°,

=

3. a+(—a)+0,

2) BoluuTaHue BeKTOPOB.

Omnp. 9. Ilox paznocmwvro BEKTOPOB & ¥ % IOHHMAIOT BEKTOP d = a — & TaKoil, 4TO
R

B napannenorpamme — 370 apyras auarorans CJI (cm.puc.1).

3) YMHOkeHHEe BEKTOPA HA YUCJIO0.

Onp. 10. ITpouseedenuem Bextopa & Ha cKamsp K Ha3bIBACTCS BEKTOP

b= kc; = c;k’

UMEIONINH JUTHHY Ka, 1 HampaBiieHrne, KOTOPOro:

1. coBmazmaer ¢ HampaBJIeHHWEM BeKkTopa &, eciu K > 0;

2. TPOTHUBOIIOJIOKHO HAIIPAaBICHHUIO BEKTOpa 2, ecin K < 0;
3. mpousBoabHO, ecin K = 0.

CBoiicTBa YMHOKEHUS BEKTOPA HA YHUCJIO.
1° (k+1)a =ka +la.

k(a + &) =ka +k&.

2°.k(la) = (kl)a .

30.1Xf;:f;,(—l)><f; :—é,ox.E:ﬁ_



CBOJiCTBA BEKTOPOB.

Omnp. 11. JIBa BekTOpa ¢ U & Ha3BIBAIOTCS KOIIUHEAPHBIMU, €CIIA OHU PACIIONIOKEHBI

Ha HapaJuIeIbHBIX OPSAMBIX WJIA Ha OTHOU IMPSIMOIA.

HyneBoii BekTop U KouTMHEapeH JIF0O0MY BEKTODY.

A,

Teopema 1. JIBa HeHyJleBbIX BeKTOpa @ U & koaauneapusl, U Korja OHU

IIPONMOPLHHUOHAJIBHEI T.C.

b =ka, k — ckasp.

Omnp. 12. Tpu BekTOopa @, &, «© HaA3bIBAIOTCS KOMHUAAHAPHBIMU, €CIIA OHHU

ImapaluICIIbHbI HGKOTOpOﬁ IUIOCKOCTH WJIM JISKAT B HEH.

Teopema 2. Tpu HeHyNEBbIX BEKTOpa &, £, ¢ komnaanapnust, U KOrna ovH U3 HUX
ABJIAETCS INHEMHON KOMOMHAIIMEN ABYX APYTHX, T.€.
¢ =ka + & k| — ckamspsr.

IIpoeknusi BeKTOpa HA 0Ch.

Teopema 3. Ilpoekums BekTopa @« Ha OCh (HampaBicHHas mpsMas) | pasHa

IIPOM3BEICHUIO JUIMHBI BEKTOpA & HAa KOCHUHYC yTIJIa MEXIY HAIlPaBICHUEM BEKTOpa U

HampasiIeHneM ocH, T.e. 'F1? =ax cosa, a=b(a, |).

&

oA

k)

O ppz & i

puc.3.
Omnp. 13. Ilpoekmuu BekTOpa @ Ha koopauHaTHele ocu Ox, Oy, Oz Ha3bIBalOTCS

Koopounamamu eexmopa. O6o3uauenue: a {ay, a,, a,}.

—_ [2. .1 .2
a|—Jax+ay+az

JlnuHa BeKTOpA:

IIpumep: BorunciuTs JUIMHY BEKTOpa & (1.2,-3],

a|=-17+22 +3' = 1+4+9=-/14.

Pemenue:



Paccrosinme Mexay Toukamm 41 Casy2) g My, 22:22) prrucngercs o

dbopmye: d= “J{[xz _xl)g +()”z _.}’1)2 + [Zz _21)2 _

Ipumep: Haiitu paccrostaue mexay Toukamu M (2,3,-1) u K (4,5,2).

d=1-2) +(5-3  +(2+1) =4+ 4+9=17.
JleiicTBHS HA/l BEKTOPAMHU B KOOPAMHATHOM (popme.
Jlane! BeKTOpHI @ ={ay, &y, a;} u & ={by, by, b.}.
1. (& +&)={ay*b,, a, = by, a,= b,}.

2. la={la, lay, la,}, rae | — cxamsp.

CkaJjsipHoe npou3Be/ieHHE BEKTOPOB.

Omnpenenenue: [lox ckasIpHBIM POU3BEACHUEM IBYX BEKTOPOB iy b

IMOHHUMACTCA 4YMUCJIO, PABHOC IIPOMU3BCACHUIO MAJIMH 3TUX BCKTOPOB Ha KOCHHYC YyIJjia

1 5|.|E|.cos 7
MEXy HUMHU, T.¢. & b:| LR YIOJI MEXy BEKTOpaMHU t y b )
CaoiicTBa CKAJSIPHOIO MPOU3BEICHUA:

- = 3=

1. tix '&l:bﬁl
2. (& + 5 ) E:C_IE"FE}E'
_‘2

|(I =l d

kab=akb=k (a b
5. ka+mb)-c=k@)+m® o) rpe KoM _ cranapmr,
6. J1Ba BEeKTOpa MepHeHAUKYISIPHBI (OPTOTOHAIbHBI), €CIIN ab=0

2115 a-b=al-|
7. @ ll&Torga m TONBKO TOTJa, KOraa .

CkaJIsipHOE NPOM3BEAEHNE B KOOPAMHATHON (opme umeeT By ¢ 2=0% T Y. +az;

rac &(xl:.yl:'zljl u 5(3‘53,}’3,22) .



IIpumep 1.

JaHo:

a(z2;3)

b(-3:4)

Haitu:

v=2a—>

Pemenue:

Haiinem 2a :

2 C223—€CE
Haiizem 3b :

B 3I-€<X
Haitnem D=2a—3:

i NS D TEC
Otser: (13;-6)

Ipumep 2.
HaHo:
A(1;2)
B(1;-4)
Haiiru:
|4B| =2
Pemenue:

Jlist peneHusl IpUMEHUM (GOPMYITy %@—@

- -

OtBeT:6

IIpumep 3.
C(2;6)
A(4;-5)



B(-1;2)

Haiitu: AB-AC

Pemenne:

1.Haitnem 4B :

AFEAFI>E>-€ES(113 KOOPIMHATHI KOHITA HAJI0 OTHATH KOOPAMHATHI HAayalIa)
2.Haiinem 4C

3.Haiinem AB-AC 110 QpopMylie 2= B2

cosQ="?

Pemienue:

Haiigem @ - 6 o hopmyite ZE=pe— D2
="M I3

IHpumep S.

JaHo:



Ff=3
Q=2

Haiitu: Q

s18.

R=?

Pemenue: 190

Pemum 1o dbopmye

S—=F & 2Aa@*(TeopeMa KOCUHYCOB)

R oo
==

=E=rs
OrtserT: 2,5



